INTRODUCTION

In Fall 1992,the second author gave a course called ”intermediate P.D.E” at the
Courant Institute.The purpose of that course was to present some basic methods for
obtaining various A Priori estimates for the second order partial differential equations of
elliptic type with the particular emphasis on the maximal principles,Harnack inequalities
and their applications.The equations one deals with are always linear though,obviously,theyl}
apply also to nonlinear problems. For students with some knowledge of real variables
and Sobolev functions,they should be able to follow the course without much difficul-
ties. The lecture notes was then taken by the first author.In 1995 at the university of
Notre-Dame,the first author gave a similar course.The original notes was then much
completed,and it resulted in the present form. We have no intention to give a complete
account of the related theory.Our goal is simply that the notes may serve as bridge be-
tween elementary book of F.John [J] which studies equations of other type too,and some-
what advanced book of D.Gilbarg and N.Trudinger [GT] which gives relatively complete
account of the theory of elliptic equations of second order.We also hope our notes can
serve as a bridge between the recent elementary book of N.Krylov [K] on classical theory
of elliptic equations developed before or around 1960’s,and the book by Caffarelli and
Xivier [CX] which studies fully nonlinear elliptic equations,the theory obtained in 1980’s.

CHAPTER 1

HARMONIC FUNCTIONS

GUIDE

The first chapter is rather elementary ,but it contains several important ideas of the
whole subject.Thus it should be covered throughly.While doing the sections 1.1-1.2,the
classical book of T.Rado[R] on subharmonic functions may be a very good reference.Also
when one reads section 1.3,some statements concerning Hopf maximal principle in sec-
tion 2.1 can be selected as exercises.The interior gradient estimates of section 2.3 follows
from the same arguments as in the proof of the Proposition 3.2 of section 1.3.

In this chapter we will use various methods to study harmonic functions. These
include mean value properties, fundamental solutions, maximum principles and energy
method. Four sections in this chapter are relatively independent of each other.

§1. Mean Value Property

We begin this section with the definition of mean value properties. We assume that

(2 is a connected domain in R"™.
1



Definition. For u € C(2) we define (i) u satisfies the first mean value property if

u(zr) = ——— / u(y)dS, for any B,(x) C

(ii) u satisfies the second mean value property if

n

u(z) = / u(y)dy for any B,.(x) C 2

wWpT™
B, (x)

where w,, denotes the surface area of the unit sphere in R”.

Remark. These two definitions are equivalent. In fact if we write (i) as

OB, (x)

we may integrate to get (ii). If we write (ii) as

we may differentiate to get (i).

Remark. We may write the mean value properties in the following equivalent ways:
(i) u satisfies the first mean value property if

1
u(x) = o / u(x 4+ rw)dS,, for any B,(x) C §;
|w|=1

(ii) u satisfies the second mean value property if

u(r) = i/ u(z +rz) dz for any B,.(z) C Q.
|z|<1

Wn

Now we prove the maximum principle for the functions satisfying mean value prop-

erties.
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Proposition 1.1. Ifu € C(Q) satisfies the mean value property in 2, then u assumes

its mazimum and minimum only on 0S) unless u is constant.

Proof. We only prove for the maximum. Set ¥ = {x € u(x)=M = m_axu} c Q.
Q

It is obvious that X is relatively closed. Next we show that X is open. For any zg € X,
take B,.(zg) C § for some 7 > 0. By the mean value property we have

M = u(zo) = —~ /u(y)dng n /dy:M.

wpr™ wpr™
By (x0) B (z0)

This implies u = M in B, (xg). Hence X is both closed and open in 2. Therefore either
Y=¢or X =

Definition. A function v € C?(Q) is harmonic if Au = 0 in Q.

Theorem 1.2. Let u € C?(Q) be harmonic in . Then u satisfies the mean value
property in ).

Proof. Take any ball B,.(x) C Q. For p € (0,r), we apply the divergence theorem in
B,(x) and get

ou ou
Au(y)dy = —dS:p"_l/ —(x + pw)dSy,
/Bp(ﬁ) ( ) 9B, ov |lw|=1 8[)( )

0

() 1
=p" = w(x + pw)dS,.
p 6p/|w|_1 (z + pw)

Hence for harmonic function u we have for any p € (0,r)

|
— u(x + pw) dS,, = 0.
3 Doy (z + pw)

Integrating from 0 to r we obtain

/|w_1 w(@ + rw) dSy = / w(2) dS, = u(@)wn

|w|=1

or . .
u(z) = — u(z + rw) dSy, =

— u(y)dsS,.
Wn Jjw|=1 wy ™ /SBT(Q:) Y

Remark. For a function u satisfying mean value property, u is not required to be smooth.

However a harmonic function is required to be C?. We prove these two are equivalent.
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Theorem 1.3. If u € C(Q2) has mean value property in Q, then u is smooth and
harmonic in €.

Proof. Choose ¢ € C§°(B1(0)) with fBl(O) ¢ =1and p(z) = ¥(|z]), ie.

1
wn/o r"La(r) dr = 1.

We define ¢.(z) = Eingo (£) for € > 0. Now for any = € Q consider ¢ < dist (x,09).
Then we have

[ ety =iy = [ue+vowar= 5 [ utwrne (L)
= /|y|<1 u(z +ey)p(y)dy
= /01 " tdr /831(0) u(z + erw)e(rw)dS,,
:/0 Y(r)yr™tdr /|w|:1 u(x + erw)dSy,

1
= u(:z:)wn/ Y(r)r"tdr = u(x)
0
where in the last equality we used the mean value property. Hence we get
u(z) = (pe xu)(x) for any z € Q. = {y € Q; d(y,00) > }.

Therefore u is smooth. Moreover, by formula (x) in the proof of Theorem 1.2 and the
mean value property we have
1 0

/ Au = r”_lg/ u(x 4+ rw)dS,, =r"" —(wnu(a:)) = 0 for any B,(z) C Q.
B,(x) O Jyw)=1 or

This implies Au = 0 in €.

Remark. By combining Theorems 1.1-1.3, we conclude that harmonic functions are
smooth and satisfy the mean value property. Hence harmonic functions satisfy the
maximum principle, a consequence of which is the uniqueness of solution to the following
Dirichlet problem in a bounded domain

Au= fin Q

u = ¢ on 0f)
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for f € C(Q) and ¢ € C(092). In general uniqueness does not hold for unbounded
domain. Consider the following Dirichlet problem in the unbounded domain €2

Au=01n
u = 0 on Of).

First consider the case Q = {x € R";|z| > 1}. For n = 2,u(x) = log |z| is a solution.
Note u — 0o as r — oo. For n > 3, u(z) = |z|>~™ — 1 is a solution. Note u — —1 as
r — 00. Hence u is bounded. Next, consider the upper half space Q = {x € R"; z,, > 0}.
Then u(z) = x,, is a nontrivial solution, which is unbounded.

In the following we discuss the gradient estimates.

Lemma 1.4. Suppose u € C(BR) is harmonic in Br = Br(xo). Then there holds

| Du(o)| <

max |u|.
Br

=S

Proof. For simplicity we assume u € C*(Bg). Since u is smooth, then A(D,,u) = 0,
i.e., Dy, u is also harmonic in Br. Hence D, u satisfies the mean value property. By
the divergence theorem we have

n n

D, = D, dy = ;dS.
) = /B L Danlyy = /MR(%)u(y)v ,

which implies

| Dz, u(o)| <

n el M
. < —= .
e BB <

Lemma 1.5. Suppose u € C(Bg) is a nonnegative harmonic function in Br = Bg(zo).
Then there holds

[Duao)] < Fu(ao).
Proof. As before by the divergence theorem and the nonnegativeness of u we have

n n

D, < s, = 2
Deuta| < S [ uty) dS, = Fut)

where in the last equality we used the mean value property.
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Corollary 1.6. A harmonic function in R™ bounded from above or below is constant.

Proof. Suppose u is a harmonic function in R”. We will prove that u is a constant if
u > 0. In fact for any z € R™ we apply Proposition 1.5 to u in Bgr(x) and then let
R — oo. We conclude that Du(z) = 0 for any x € R™.

Proposition 1.7. Suppose u € C(BR) is harmonic in Bgr = Br(xo). Then there holds
for any multi-index o with || =m

nmem=lm)

- max |ul.

|D%u(xo)| < TRm A
Proof. We prove by induction. It is true for m = 1 by Lemma 1.4. Assume it holds for
m. Consider m + 1. For 0 < § < 1, define r = (1 — )R € (0, R). We apply Lemma 1.4
to v in B, and get
D™ (20)| < 2 max | D™ul.
r B

I

By the induction assumption we have

m m—1

n™.e -m/!
max | D™y < max |ul.
B, | < (R—mr)m Br [l
Hence we obtain
1,51 m+1,_m—1,,]
mal n n"e™ ml _onm T e™ iml
DT ulwo)l < - Sy vl = prragem g — gy Ml

Take § = %= . This implies

—em(ll— ) = <1 + %) (m+1) <e(m-+1).

Hence the result is established for any single derivative. For any multi-index a =
(a1, , ) we have
ar!l ! < (laf)l

Theorem 1.8. Harmonic function is analytic.

Proof. Suppose u is a harmonic function in €. For fixed x € Q, take Bog(z) C Q and
h € R™ with |h| < R. We have by Taylor expansion

o a1\
(hla—zl—i-"'—i—hna—xn) U

6

() + R (h)

m—1 1

u(a:+h)=u(x)+z—

2!
=1




where

1 s, o \"
R, (h) = - [(h16_$1 +...+hn%> u} (x1 4+ 60hy,...,xn + 6hy)

for some 6 € (0,1). Note x + h € Br(z) for |h| < R. Hence by Proposition 1.7 we
obtain

1 nme™ 1m! |h|n2e\™
| R (h)] < %m’m onm Trgiidu‘ < (T Igax|u|.

Then for any h with |h|n?e < R/2 there holds R,,(h) — 0 as m — oo.

Next we prove the Harnack inequality.

Theorem 1.9. Suppose u is harmonic in ). Then for any compact subset K of () there
exists a positive constant C' = (Q, K) such that if u > 0 in Q, then

1
cu) s u(z) < Culy)  for any z,y € K.

Proof. By mean value property, we can prove if Bygr(zg) C €, then

1
Eu(y) <wu(x) <cu(y) forany z,y € Br(zo)

where c is a positive constant depending only on n.
Now for the given compact subset K, take x1,...,zny € K such that { Br(x;)} covers
K with 4R < dist (K,09). Then we can choose C' = cV.

We finish this section by proving a result, originally due to Weyl. Suppose u is
harmonic in €2. Then we have by integrating by parts

/ uAp =0 for any ¢ € CZ(Q).
Q

The converse is also true.

Theorem 1.10. Suppose u € C(2) satisfies

(1) / ulAp =0 for any p € C3(Q).
Q

Then u is harmonic in €).



Proof. We claim for any B,.(x) C € there holds

(2) T/a&(x) u(y)dSy = n/BT(m) u(y)dy.

Then we have
d 1
— dsS
dr (wnrn_l /a&(m) uly) y)
n d 1
= — | — d
Wy, dr (T” /BT(:c) u(y) y)

n n 1
= _ u(y)dy + — u(y)dS, p = 0.
W, { rntl /Br(w) ) ™ JoB, (z) ) y}

This implies
1

wy,rn1

/ u(y)dS, = const.
8B, (z)

This constant is u(x) if we let » — 0. Hence we have

u(z) = ! / u(y)dS, for any B,(x) C .
OB, ()

wprn 1

Next we prove (2) for n > 3. For simplicity we assume that x = 0. Set

(lyl> =r2)" lyl<r
0 ly[ >

e(y,r) = {

and then ¢y (y,r) = ([y|* —r*)"7*(2(n — & + 1)y + n(ly|* — r?)) for [y| < r and
k=2,3,...,n. Direct calculation shows ¢(-,r) € CZ(Q) and

2npa(y,r) |yl <r

Ay%@(y,r) = { 0 ’y’ > r ‘

By assumption (1) we have

/ u(y)p2(y,r)dy = 0.
B,.(0)

Now we prove if for some k =2,--- ,n—1,

(3) /BT(O) u(y)ex(y,r)dy =0



then
(4) / () rin (9, 7y = 0.
B,.(0)

In fact we differentiate (3) with respect to r and get

I, B
/aBT(O) u(y)‘ﬂk(y, ’f')dy + / u(y)w(y, T)dy —0.

B..(0)

For 2 < k <mn, pi(y,r) =0 for |y| = r. Then we have

O,
uw(y)——(y,r)dy = 0.
/m )2 (1)

Direct calculation yields 65’;,’“ (y,r) = (=2r)(n — k + 1)¢k41(y, 7). Hence we have (4).
Therefore by taking k =n — 1 in (4) we conclude

/B o u(y)((n +2)|y|? - m’z)dy =0.

Differentiating with respect to r again we get (2).

§2. Fundamental Solutions

We begin this section by seeking a harmonic function u, i.e., Au = 0, in R™ which
depends only on r = |x — a| for some fixed a € R™. We set v(r) = u(x). This implies

n—1

v+ vV =0
r

and hence
v(r) =

where ¢; are constants for ¢ = 1,2, 3,4. We are interested in a function with singularity
such that

{cl+02log7", n =2

c3+car®™ ™, n >3

%dS =1 foranyr > 0.
9B, or

Hence we set for any fixed a € R"

1
I'(a,x) = %log|a—x| forn =2

1
F(a,x) = mkl - x|2_n fOI‘ n 2 3
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To summarize we have that for fixed a € R", I'(a, z) is harmonic at = # q, i.e.,
A,T(a,z) =0 forany z #a

and has a singularity at = a. Moreover it satisfies

r
/ 8—(&,3:) ds; =1 for any r > 0.
B, (a) ony

Now we prove the Green’s identity.

Theorem 2.1. Suppose §) is a bounded domain in R™ and that u € C*(2) N C?(Q).
Then for any a € §2 there holds

u(a) = / Ia, ) Au(z)dz — / (r(a,x)%(x)—u(x) ;i (a,az)) ds.,.
Q

oN

Remark. (i) For any a € Q, T'(a,-) is integrable in 2 although it has a singularity.
(ii) For a ¢ Q, the expression in the right side gives zero.
(ili) By letting u = 1 we have [ 2 (a,z)dS, =1 for any a € (.
oo "

Proof. We apply Green’s formula to u and I'(a,-) in the domain Q \ B,(a) for small
r > 0 and get

ou or ou or

Q\B,-(a) oN OBy (a)
Note AT' =0 in Q2 \ B, (a). Then we have
ou or ou or
I'A = I'— —u— L+ — i '— —u— -
/Q udx /89( o u3n> ds. lim / ( o u8n> ds.
0B, (a)
For n > 3, we get by definition of T’

ou 1 ou
1—\_ B 2—n et
/ 8nds‘ ‘ (2 — n)wnr / on dS‘
0B, (a) 0B, (a)

sup |Du|—0as r—0
n—2 5B, ()
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and

on wyrt—1
OB, (a) 0B, (a)

/ua—FdS:# / udS — u(a) as r — 0.

For n = 2, we get the same conclusion similarly.

Remark. We may employ the local version of the Green’s identity to get gradient esti-
mates without using mean value property. Suppose u € C(Bj) is harmonic in B;. For
any fixed 0 < r < R < 1 choose a cut-off function ¢ € C§°(Bg) such that ¢ =1 in B,
and 0 < ¢ < 1. Apply the Green’s formula to u and ¢I'(a,-) in By \ B,(a) for a € B,
and p small enough. We proceed as in the proof of Theorem 2.1 and we obtain

u(a) = —/ u(z) Ay (p(z)I(a,z))dx for any a € B,(0).
r<|z|<R

Hence one may prove (without using mean value property)
1
p
suplul <c( [ fup)
B% B

sup |Du| < cmax |ul
1

1
2

and

where ¢ is a constant depending only on n.

Now we begin to discuss the Green’s functions. Suppose €2 is bounded domain in R™.
Let u € C1(Q) N C?(Q). We have by Theorem 2.1 for any = € Q

(Ple0) gt (0) = ) ) ) S,

ony on,

@) = [ Tpautin- [

o

If u solves the following Dirichlet boundary value problem

Au=f in
(%) N
U= on 02

for some f € C(Q) and ¢ € C(0f2), then u can be expressed in terms of f and ¢, with
one unknown term. We want to eliminate this term by adjusting I'.
For any fixed x € €2, consider

Y(z,y) = T(z,y) + ®(z,y)
11



for some ®(x,-) € C%(Q) with A, ®(x,y) = 0 in Q. Then Theorem 2.1 can be expressed
as follows for any x € ()

ue) = [ Atepaumay - [ (v(x,y)%(y) - u(y)ﬁ—%(x,w) as,

since the extra ®(z,-) is harmonic. Now by choosing ® appropriately, we are led to the

important concept of Green’s function.
For each fixed x € Q choose ®(z,-) € C*(2) N C?(Q) such that

{ Ay®(z,y) =0 for y e Q
O(x,y) = —T(x,y) for ye oN.

Denote the resulting v(z,y) by G(z,y), which is called Green’s function. If such G
exists, then solution u to the Dirichlet problem (x) can be expressed as

/G z,y)f dy+/ o(y) 5 — oG (@, y)dSy.

on,

Note that Green’s function G(z,y) is defined as a function of y € Q for each fixed
x € Q. Now we discuss some properties of G as function of x and y. First observation
is that the Green’s function is unique. This is proved by the maximum principle since
the difference of two Green’s functions are harmonic in €2 with zero boundary value. In
fact, we have more.

Proposition 2.2. Green’s function G(x,y) is symmetric in Q x Q, ie., G(z,y) =
G(y,z) for x #y € Q.

Proof. Pick 1,24 € Q with 21 # 5. Choose r > 0 small such that B,.(z1)NB,(z2) = ¢.
Set G1(y) = G(x1,y) and Ga(y) = G(z2,y) . We apply Green’s formula in Q\ B, (z1) U
B, (z3) and get

/ (G1AG; — G2AG) :/ (Glﬁ ~ G28G1> i
Q\B,.(z1)UB,(22) 00 an o

—/ (Glan -6, % )dS / <G1 02 _g,%%h )dS
OB, (x1) on on OB, (22) on on

Since G; is harmonic for y # z;, i = 1,2, and vanishes on 02 we have

/ (Glﬁ—a28(}1)ds+/ (G18G2 —GgaGl)dS:O.
9B (z1) on on OB, (x2) on on
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Note the left side has the same limit as the left side in the following as r — 0

I I
/) (Fgé—{hz>d5+/‘ (Gﬁl—r@%stza
OBy (1) on on OB, (x2) on on

While we have

oG oG
/ r—24s — 0, / r—tds —0 as r—0
OB, (x1) ON 8B, (zz) OT

and

T T
/ Gga—ds — GQ(ZL‘l), / Gla—ds — G1<IL’2) as r — 0.
OB, (z1) n OBn(zs)  OM

This implies Ga(z1) — G1(x2) =0, or G(z2,21) = G(x1, 22).
Proposition 2.3. There holds for x,y € Q with x # y
0> G(z,y) >T(z,y) forn>3

1
0> G(z,y) >T(z,y) — Dy log diam(QY)  for n = 2.

Proof. Fix x € Q and write G(y) = G(z,y). Since lim,_,, G(y) = —oo then there exists
an 7 > 0 such that G(y) < 0 in B,-(x). Note that G is harmonic in 2\ B,.(z) with G =0
on 9 and G < 0 on 0B, (z). Maximum principle implies G(y) < 0 in Q2 \ B,(z) for
such 7 > 0. Next, consider the other part of the inequality. Recall the definition of the

Green’s function
G(z,y) =(z,y) + ®(z,y)
where
AP=0 in Q
®=—-1T on 990.

For n > 3, we have

1
[(z,y) = - lz —y|> ™" <0 forye o

2= n)wn

which implies ®(z,-) > 0 on 0. By the maximum principle, we have ® > 0 in Q. For

n = 2 we have
1 1 .
[(z,y) = —log |z — y| < — logdiam(2) for y € 99.
2T 27

Hence the maximum principle implies ® > —% log diam(€2) in Q.

We may calculate Green’s functions for some special domains.
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Proposition 2.4. The Green’s function for the ball Br(0) is given by
(i) for n >3
2—71)

EA

Proof. Fix x # 0 with |z| < R. Consider X € R"\ By with X the multiple of = and
| X|-|z| = R? ie., X = %x. In other words X and z are reflexive of each other with
respect to the sphere 0Bgr. Note the map x —— X is conformal, i.e., preserves angles.

If |y| = R, we have by similarity of triangles

1 . R x
G(z,y) = m(W—yF - ‘mx— l—R’?J

(ii) for n =2

2

1
G(z,y) = —(log|x —y| — log

lz] R |y—x

R |X| Jy—X|

which implies

lol R
Yy T

R™al

x
(1) |y—x\:E]y—X]: for any y € OBg.

Therefore, in order to have zero boundary value, we take for n > 3

1 1 R\"? 1
G@””‘@—nwn<u—mWﬁ‘(EO w-xw*>'

The case n = 2 is similar.

Next, we calculate the normal derivative of Green’s function on the sphere.

Corollary 2.5. Suppose G is the Green’s function in Bg(0). Then there holds

oG R? — |z|?
a—n(:r:,y) = WL‘?H" for any x € Br and y € O0BR.

Proof. We just consider the case n > 3. Recall with X = R%z/|z|?

1 . R n—2 .
G(z,y) = @ e <|x oy — <|x_|> ly — X|? ) for x € Br,y € 0BR.
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Hence we have for such x and y

1 i — Y; R n—2 Xi_i i RQ—SZJQ
Y PETL S

wn \ Jz—y[* \lz| (X =yl )] wnR? |z —y|"

by (1) in the proof of Proposition 2.4. We obtain with n; = % for |y| = R

oG

. 1 R?—|z)?
%(x,y) = ZniDin(z,y) = |
i=1

wa R e

Denote by K (z,y) the function in Corollary 2.5 for z € Q,y € 9. It is called Poisson
kernel and has the following properties:

(i) K(x,y) is smooth for x # y.
(ii) K(z,y) >0 for |z| < R
(iii) f|y|:R K(z,y)dS, =1 for any |z| < R.

The following result gives the existence of harmonic functions in balls with prescribed
Dirichlet boundary value.

Theorem 2.6 (Poisson Integral Formula). For ¢ € C(0Br(0)), the function u
defined by

M@:{b%mK@wwww,nKR
o) o] = R

satisfies u € C(Q) N C>(Q) and
{ Au=0 1inQ
U= on 0f).

For the proof, see F. John P107 - P108.

Remark. In Poisson integral formula, by letting x = 0, we have

which is the mean value property.
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Lemma 2.7 (Harnack’s Inequality). Suppose u is harmonic in Br(z¢) and u > 0.
Then there holds

() At v < (55) T B e

where r = |x — xo| < R.

Proof. We may assume x¢ = 0 and u € C(Bpg). Note that u is given by Poisson Integral

R S B (e Y
(x) /@ (4)dS,.

B w'nR Bgr |y_x|n

Since R — |z| < |y — z| < R+ |z| for |y| = R, we have

1 R- |z 1\
: ds, <
wnR R+ |z] <R+|x|) /(.BBR“(?J) y S ul@)

1 R+ |z 1 ”‘2/
< . ds,,.
SR R_1] (R—m) o, W35

Mean value property implies

Formula

1
0)= —— ds,.
w0) = g [, v,
This finishes the proof.

Corollary 2.8. If harmonic function u in R™ is bounded above or below, then u =
const.

Proof. We assume u > 0 in R”. Take any point x € R™ and apply Lemma 2.7 to any
ball Br(0) with R > |z|. We obtain

(ﬁ) r b0 v < (5 |w|)n_2 o)

which implies u(z) = u(0) by letting R — +oc0.

Next we prove a result concerning the removable singularity.

Theorem 2.9. Suppose u is harmonic in Br \ {0} and satisfies
o(log|xz|), n=2
u(x) = { ( g2|_T|L) as |x| — 0.
o(|z[*™"), n=
16



Then u can be defined at 0 so that it is C* and harmonic in Bg.

Proof. Assume u is continuous in 0 < |z| < R. Let v solve

{Av:OinBR
v =u on OBR.

We will prove u = v in Bg \ {0}. Set w = v —u in By \ {0} and M, = rggx|w|. We

prove for n > 3. It is obvious that

lw(z)| < M, - on 0B,.

n—2

Note w and le% are harmonic in By \ B,. Hence maximum principle implies

n—2
lw(z)| < M, - L for any x € Bg \ B,

= |72
where M, = max|v — u| < max|v| + max|u| < M + max|u| with M = max|u|. Hence we
OB, 9B, OB, 9B, 0Br
have for each fixed x # 0
rn—2 1

| < ’$|n_2M + |x’n_2r”_2rggic|u| —0as r—0,

jw(z)

that is w = 0 in By \ {0}.

§3. Maximum Principles

In this section we will use the maximum principle to derive the interior gradient
estimate and the Harnack inequality.

Theorem 3.1. Suppose u € C?(By) N C(By) is a subharmonic function in By, i.e.,
Au > 0. Then there holds

supu < sup u.
B1 0B

Proof. For &€ > 0 we consider u.(x) = u(z) +¢|x|? in B;. Then simple calculation yields

Au, = Au + 2ne > 2ne > 0.
17



It is easy to see, by contradiction argument, that u. can not have an interior maximum,
in particular,

sup ue < sup Ue.-
B 8B,

Therefore we have

supu < supu. < supu + €.
B B 9B

We finish the proof by letting ¢ — 0.
Remark. The result still holds if B; is replaced by any bounded domain.

Next result is the interior gradient estimate for harmonic functions. The method is
due to Bernstein back in 1910.

Proposition 3.2. Suppose u is harmonic in By. Then there holds

sup |Du| < csup |u]
1

B1 OB
2

where ¢ = ¢(n) is a positive constant. In particular for any o € [0,1] there holds

u(@) — u(y)| < clz —y|*suplu| for any x,y € By

By
where ¢ = ¢(n, «) is a positive constant.
Proof. Direct calculation shows that
n n n
A(IDuf?) =2 ) " (Dyju)® +2)  DiuDi(Au) =2 Y (Diju)?
1,5=1 i=1 ij=1

where we used Au = 0 in B;. Hence |Dul? is a subharmonic function. To get interior
estimates we need a cut-off function. For any ¢ € C}(B;) we have

7,7=1 7,j=1

By taking ¢ = n? for some n € C3(B;) with n = 1 in By /2 we obtain by Holder
inequality

A(n?|Dul?) = 2nAn|Dul® + 2| Dy|?|Duf® + 8y > DinDjuDiju+2n* > (Diju)?
i,j=1 i,5=1
> (2180 - 6IDaP ) Du? = ~ClDu
18



where C' is a positive constant depending only on 7. Note A(u?) = 2|Dul? + 2ulu =
2| Du|? since u is harmonic. By taking « large enough we get

A(n?|Dul?* + au?) > 0.

We may apply Theorem 3.1 (the maximum principle) to get the result.
Next we derive the Harnack inequality.

Lemma 3.3. Suppose u is a nonnegative harmonic function in By. Then there holds

sup |[Dlogu| < C
By

where C' = C(n) is a positive constant.

Proof. We may assume u > 0 in B;. Set v = logu. Then direct calculation shows
Av = —|Dvl?.

We need interior gradient estimate on v. Set w = |Dv|?. Then we get

i=1 ij=1

As before we need a cut-off function. First note

n

= 1 |Dv]* w?
2 2 2 _
) P Y e L

Take a nonnegative function ¢ € C}(B;). We obtain by Holder inequality

A(pw) + 2 Z D;vD;(pw)

=1

=2p Z (Dijv)Q +4 Z DipD;vD;;v + 2w Z D;pD;v + (Ap)w

ij=1 ij=1 i=1

20 Y. (Diyo)? 2Dl Dol - (1861 + €220 ) D
ij=1

19



if ¢ is chosen such that [Dp|?/¢ is bounded in B;. Choose ¢ = n* for some n € C¢(By).
Hence for such fixed n we obtain by (1)

A(n*w) + 2 Z D;vD;(n*w)

1=1

>—n*|Dv[* — Cn®|Dn||Dv|* — 4n*(n2An + C|Dn|?)| Du|?

>—n*|Dv[* = CP’| Du|* — Cn?| Do
n

where C' is a positive constant depending only on n and 7. Hence we get by Holder
inequality

- 1
A(ntw) + 2 Z D;vD;(n*w) > 5774102 -C
i=1

where C' is a positive constant depending only on n and 7.

Suppose ntw attains its maximum at xo € B;. Then D(n*w) = 0 and A(ntw) <0
at z¢. Hence there holds

n'w?(zo) < C(n,n).

If w(zg) > 1, then n*w(zg) < C(n). Otherwise n*w(zg) < w(xg) < n*(x). In both
cases we conclude

n*w < C(n,n) in Bj.

Corollary 3.4. Suppose u is a nonnegative harmonic function in By. Then there holds
u(z1) < Cu(wz) for any x1, 22 € By

where C' is a positive constant depending only on n.

Proof. We may assume u > 0 in By. For any x1,x5 € B% by simple integration we
obtain with Lemma 3.3

u(1)
log w(w2)

1
<lzy — x2|/ |Dlogu(txs + (1 —t)zq)|dt < Clxy — x2.
0

Next we prove a quantitative Hopf Lemma.
20



Proposition 3.5. Suppose u € C(By) is a harmonic function in By = By(0). If
u(r) < u(zg) for any x € By and some xog € OBy, then there holds

0
a—Z(xo) > C(u(a:o) = u(O))
where C' is a positive constant depending only on n.
Proof. Consider a positive function v in By defined by

—oz|:z:|2 _

v(z) =e e

It is easy to see
—a|z|? 21,.12 1
Nv(x) =e (—2an + 4a”|z|*) > 0 for any |z| > 5

if > 2n 4+ 1. Hence for such fixed « the function v is subharmonic in the region
A = B1 \ By/3. Now define for € > 0

he(z) = u(z) — u(zo) + ev(x).

This is also a subharmonic function, i.e., Ah. > 0 in A. Obviously h. < 0 on 0B,
and h.(xg) = 0. Since u(z) < u(zg) for |z| = 1/2 we may take £ > 0 small such that
he(z) < O for |z| = 1/2. Therefore by Theorem 3.1 h. assumes at the point z( its
maximum in A. This implies

Oh.

n (z0) >0
or 5 5
u v
> - — prm— —o .
—an(:vo) > 5an(:vo) 20ee”* >0

Note so far we only used the subharmonicity of u. We estimate € as follows. Set
w(x) = u(zg) — u(x) > 0 in B;. Obviously w is a harmonic function in B;. By
Corollary 3.4 (Harnack inequality) there holds

iélfw > ¢(n)w(0)

or

maxu < u(zo) — c(n) (u(:z:o) - u(O)).

1

2

Hence we may take
e = dc(n) <u(m0) - u(O))

for 0 small, depending on n. This finishes the proof.

To finish this section we prove a global Holder continuity result.
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Lemma 3.6. Suppose u € C(By) is a harmonic function in By with u = ¢ on 0B;. If
© € C*(0By) for some o € (0,1), then u € C*/?(By). Moreover there holds

lull ot g, < Cllelless

where C' is a positive constant depending only on n and .

Proof. First the maximum principle implies that infsp, ¢ < u < supyp, ¢ in By. Next

we claim for any x¢ € dB; there holds

" o @) —u@) e () = pla)]
reB; |x - I0| 2 r€0B1 I.’If - xOla

[N]fs)

Lemma 3.6 follows easily from (1). For any x,y € B, set d, = dist(z,0B;) and
d, = dist(y,0B1). Suppose d, < d,. Take zg,yo € 0B; such that |z — 2| = d, and
ly — yo| = dy. Assume first that |z — y| < d/2. Then y € By, j2(x) C By, (z) C By.
We apply Theorem 3.2 (scaled version) to u — u(z) in By, (x) and get by (1)

42 lul@) —ulw)

P < Clu —u(zo)|L(B,, () < Cdz |l@llcaoB,)-

Hence we obtain
lu(z) —u(y)| < Clz —y|2[|ellcaos,)-

Assume now that d, < d, < 2|z — y|. Then by (1) again we have

[u(z) — u(y)| < [u(z) —w(zo)| + [u(zo) — w(yo)| + |u(yo) — u(y)|
< C(dZ + |zo — yol? +di)llellcaon)
< Clz -yl [lollce o)

since |zo — yo| < dg + |z —y| +dy, < 5|z —y|.

In order to prove (1) we assume By = B1((1,0,---,0)), xg = 0 and ¢(0) = 0. Define
K = sup,epp, l¢(x)|/|z|*. Note |z|* = 2z for x € 0B;. Therefore for x € dB; there
holds

o(r) < Klz|* < Q%le%.

Define v(x) = 2a/2K$?/2 in B;. Then we have

Av(z) =22 K - %(% - 1)m1%_2 <0 in Bj.
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Theorem 3.1 implies
u(z) <ov(z) = Q%K:cl% < 2%K|:c\% for any x € Bj.
Considering —u similarly we get

lu(z)| < 2% K|z|? for any = € B.

This proves (1).

84. Energy Method

In this section we discuss harmonic functions by using energy method. In general we
assume throughout this section that a;; € C'(By) satisfies

MNEP? < aij(2)&:€ < A€J)? for any z € By and € € R”

for some positive constants A and A. We consider the function u € C1(B;) satisfying
/ ai;DiuD;p = 0 for any ¢ € C§(By).
B;

It is easy to check by integration by parts that harmonic functions satisfy above equation
for Q5 = (51]

Lemma 4.1 (Cacciopolli Inequality). Suppose u € C1(By) satisfies
/ ai;DiuD;o = 0 for any ¢ € C§(By).
B
Then for any function n € C&(By), we have

| wpup <c [ Dy
B1 Bl

where C' is a positive constant depending only on A and A.

Proof. For any n € C3(By) set ¢ = n*u. Then we have

A / 72| Duf? < A / nlul| Dl Dul.
Bl Bl

We obtain the result by Holder inequality.
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Corollary 4.2. Let u be in Lemma 4.1. Then for any 0 <r < R <1 there holds

C
Du2§—/ u?
/Brl | (R—T)2 Br

where C' is a positive constant depending only on A and A.
Proof. Take n such that n =1 on B,., n = 0 outside Br and |Dn| < 2(R —r)~!.
Corollary 4.3. Let u be in Lemma 4.1. Then for any 0 < R <1 there hold

/ uQSQ/ u?
Br Br
2

/ |Dul? < 9/ | Dul?
Bg Br
where 6 = O(n, \,A) € (0,1).

Proof. Take n € Cj(Bg) withn =1 on Bg/s and |Dn| < 2R™!. Then Lemma 4.1 yields

and

/ D)2 < C / Dyt < < o2
Br R

Br BR\Bg

by noting Dn = 0 in Bg/3. Hence by Poincaré inequality we get

/ ) < el / DO

Therefore we obtain
which implies

For the second inequality, observe that Lemma 4.1 holds for u — a for arbitrary
constant a. Then as before we have

C
[ e [ ipPa-atz g [ @
Br Br BR\Bg
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. ’ . . . . . _ —1
Poincaré inequality implies with a = |Bg \ B x| / Br\B u

/ (u—a)? < c(n)R2/ | Dul?.
Br\Br Br\Br

2 2
Hence we obtain

/ | Du|? < C’/ | Dul?
By Br\Bg

in particular
(c+1)/ | Duf? gc/ Dul?.
Br Br
2

Remark. Corollary 4.3 implies, in particular, that a harmonic function in R™ with finite
L?-norm is identically zero and that a harmonic function in R™ with finite Dirichlet
integral is constant.

Remark. By iterating the result in Corollary 4.3, we have the following estimates. Let
u be in Lemma 4.1. Then for any 0 < p < r <1 there hold

/ u? SC(E)”/ u?
B, r B,

and

J

for some positive constant p = u(n, A, A). Later on we will prove that we can take
€ (n—2,n) in the second inequality. For harmonic functions we have better results.

Du <y [ 1D
T B,

P

Lemma 4.4. Suppose {a;;} is a constant positive definite matriz with

MEP? < aii&i&; < AP for any € €R™

for some constants 0 < X\ < A. Suppose u € C*(By) satisfies
(1) / ai;DiuD;o = 0 for any ¢ € C§(By).
B

Then for any 0 < p <r, there holds

@) [owe<e(®) [ e
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and

n+2
—ull? < P / — . |?
3) o <e(2) [

P

where ¢ = ¢(\, ) is a positive constant and u, denotes the average of u in B,.

Proof. By dilation, consider » = 1. We restrict our consideration to the range p € (O, %} ,

since (2) and (3) are trivial for p € (3,1].

Claim.

U2 5, )+ [DulZ 5, < €0 A) / 2.
2 2 B1

Therefore for p € (0, %}
|l <l <o [P
B, 2 Bi

and
| =l < [ om0 <o Du e, < 0 [l
P

B, By
If w is a solution of (1), so is u — uy. With u replaced by u — u; in the above inequality,
there holds

J,

Proof of Claim. Method 1. By rotation, we may assume {a;;} is a diagonal matrix.

Hence (1) becomes
i=1

with 0 < A < \; < Afori=1,---n. It is easy to see there exists an rg = ro(A,A) €
(O, %) such that for any xg € B% the rectangle

{1" —‘371 _ $0i| < To}
U

is contained in B;. Change the coordinate

u- ol <0 [l
By

P

Ly > Y; —

26
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and set
v(y) = u(x).
Then v is harmonic in {y; Y., \iy? < 1}. In the ball {y; |y — yo| < ro} use the interior

7
estimates to yield

[o(o)? + | Do(yo)|? < e(A,A) / o < e(AA) /

Bro (yO) {Z?:l )\iyi2<1}

Transform back to u to get

lu(z0)[2 + | Duzo)|? < (A, A) / 2.

|z|<1

Method 2. If u is a solution to (1), so are any derivatives of u. By applying Corollary
4.2 to derivatives of u we conclude that for any positive integer k

lulle (s y) < ek, X A)lull 2(s).

If we fix a value of k sufficiently large with respect to n, H¥(B 1) is continuously
embedded into C*(B 1) and therefore

|U|L°°(B%) + ’Du’LOO(B%) < C()\vA)HUHm(Bl)-

This finishes the proof.
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CHAPTER 2
MAXIMUM PRINCIPLES

GUIDE

Most statements in section 2.1 are rather simple.One probabilly needs to go over
Theorm 1.8 and Proposition 1.9.Section 2.2 is often the starting point of the A Priori
estimates.Section 2.4 can be omited in the first reading as we will look at it again in
section 5.1.The moving plane method explained in section 2.5 has many recent appli-
cations.We choice a very simple example to illustare such method.The result goes back
to Gidas-Ni-Nirenberg, but the proof contains some recent observations in the paper
[BNV].The classical paper of Gilbarg-Serrin [GS] may be a very good adding for this
chapter. It may be also a good idea to assume the Hanack Inequality of Krylov- Safanov
in section 5.2 to ask students to improve some of the results in the paper [GS].

In this chapter we will discuss maximum principles and their applications. Two
kinds of maximum principles will be discussed. One is due to Hopf and the other to
Alexandroff. The former gives the estimates of solutions in terms of the L°°-norm of
the nonhomogenous terms while the latter gives the estimates in terms of the L"-norm.
Applications include various a priori estimates and moving plane method.

§1. Strong Maximum Principle
Suppose 2 is a bounded and connected domain in R™. Consider the operator L in €2
Lu = a;j(z)Diju+ bi(z)Diu + c(x)u
for u € CQ(Q) N C(Q). We always assume that a;j, b; and ¢ are continuous and hence
bounded in €2 and that L is uniformly elliptic in €2 in the following sense
aij(2)€:€ > NE|? for any z € Q and any & € R”
for some positive constant .

Lemma 1.1. Suppose u € C?(Q) N C(Q) satisfies Lu > 0 in Q with c(x) <0 in Q. If
u has a nonnegative mazimum in S, then u cannot attain this mazimum in ).

Proof. Suppose u attains its nonnegative maximum of Q in z¢ € Q. Then D;u(x¢) =0
and the matrix B = (D;;(x0)) is semi-negative definite. By ellipticity condition the
matrix A = (a;j(xo)) is positive definite. Hence the matrix AB is semi-negative definite
with a nonpositive trace, i.e., a;j(z9)D;ju(zo) < 0. This implies Lu(xzg) < 0, which is a
contradiction.

Remark. 1If ¢(x) = 0, then the requirement for nonnegativeness can be removed. This
remark also holds for some results in the rest of this section.

Typeset by ApS-TEX
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Theorem 1.2 (Weak Maximum Principle). Suppose u € C?(Q) N C(Q) satisfies
Lu >0 in Q with c(z) <0 in Q. Then u attains on OS) its nonnegative mazimum in €.

Proof. For any € > 0, consider w(z) = u(z) + ce®*** with a to be determined. Then we
have

Lw = Lu + e (a1,0* + bia + ¢).

Since b; and ¢ are bounded and aq1(x) > A > 0 for any x € €2, by choosing a > 0 large
enough we get

a11(x)a? + by (z)a + c¢(x) > 0 for any z € Q.
This implies Lw > 0 in 2. By Lemma 1.1, w attains its nonnegative maximum only on
09, i.e.,

supw < supw™.
9) a0

Then we obtain

supu < supw < supw’ < supu’ + € sup e**1.
Q Q oQ oQ €N

We finish the proof by letting ¢ — 0.

As an application we have the uniqueness of solution u € C?(Q) N C(Q) to the
following Dirichlet boundary value problem for f € C(£2) and ¢ € C(92)

Lu = fin Q
u = ¢ on 0f)

if ¢(z) < 0in Q.

Remark. The boundedness of domain {2 is essential, since it guarantees the existence
of maximum and minimum of u in Q. The uniqueness does not hold if the domain is
unbounded. Some examples are given in Section 1 in Chapter 1. Equally important is
the nonpositiveness of the coefficient c.

Ezample. Set Q = {(x,y) € R%0 <z < 7,0 < y < w}. Then u = sinxsiny is a
nontrivial solution for the problem

Au+2u=01n Q
u = 0 on 9.
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Theorem 1.3 (Hopf Lemma). Let B be an open ball in R™ with xq € OB. Suppose
u € C?(B)NC(BU{xo}) satisfies Lu > 0 in B with c(z) < 0 in B. Assume in addition
that

u(x) < u(zo) for any x € B and u(xg) > 0.

Then for each outward direction v at x with v - ﬁ(mo) > 0 there holds

| -
htrgéilfg[u(a:o) —u(xg —tv)] > 0.

Remark. 1f in addition u € C'(B U {x¢}), then we have

%(xo) > 0.

Proof. We may assume that B has the center at the origin with radius r. We assume
further that u € C(B) and u(x) < u(zg) for any x € B\ {z¢} (since we can construct
a tangent ball By to B at xg and By C B).

Consider v(z) = u(z) + eh(z) for some nonnegative function h. We will choose
€ > 0 appropriately such that v attains its nonnegative maximum only at zy. Denote
¥ = BN By, (xo). Define h(z) = e=olel” — e=om” with a to be determined. We check in
the following that

Lh > 0in X.

Direct calculation yields

n
Lh = e*a|x|2{4a2 Z a;;(x)xx; — ZQZ a;i(x) — 2« Z bi(x)x; + c} — e

i,j=1
el 40?37 ayj(@)wiz; — 2a2[aii<x) +bi(@)ai] + c}.
i,j=1 =1

By ellipticity assumption, we have
> (@) > Aazl* > A <§> >0 in 3.
Zajzl

So for « large enough, we conclude Lh > 0 in 3. With such h, we have Lv = Lu+¢cLh >

0 in X for any € > 0. By Lemma 1.1, v cannot attain its nonnegative maximum inside
3.
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Next we prove for some small € > 0 v attains at x( its nonnegative maximum.
Consider v on the boundary 0%.

(i) For x € 90X N B, since u(z) < u(xyp), so u(x) < u(xg) — 6 for some § > 0. Take ¢
small such that eh < § on 9XNB. Hence for such € we have v(z) < u(z) for z € 9XNB.

(ii) On ¥ N 9OB, h(z) = 0 and u(x) < u(xg) for x # xo. Hence v(x) < u(xg) on
Y N0OB\ {zo} and v(zg) = u(xo).

Therefore we conclude

—w(zg —t
v(wo) — v(z0 v) > 0 for any small ¢ > 0.

Hence we obtain by letting t — 0
oWl
h?i,%lfg[u(xo) —u(xg —tv)] > —6%(330).

By definition of h, we have
oh oh

5 (o) = %(:I:O)n - v = —2are”

This finishes the proof.

2
T n-v <.

Theorem 1.4 (Strong Maximum Principle). Letu € C?(Q)NC(Q) satisfy Lu > 0
with c¢(x) < 0 in Q. Then the nonnegative mazimum of u in Q can be assumed only on
0 unless u is a constant.

Proof. Let M be the nonnegative maximum of u in Q. Set ¥ = {z € Q;u(z) = M}. It
is relatively closed in 2. We need to show X = ().

We prove by contradiction. If ¥ is a proper subset of €2, then we may find an open
ball B C Q\ ¥ with a point on its boundary belonging to ¥. (In fact we may choose a
point p € Q\ X such that d(p,¥) < d(p,00) first and then extend the ball centered at
p. It hits 3 before hitting 9€2.) Suppose x¢ € 9B N Y. Obviously we have Lu > 0 in B
and

u(z) < u(zg) for any x € B and u(zg) = M > 0.

Theorem 1.3 implies g—g(mo) > 0 where 7 is the outward normal direction at zo to the
ball B. While z, is the interior maximal point of 2, hence Du(zo) = 0. This leads to
a contradiction.

Corollary 1.5 (Comparison Principle). Suppose u € C*(Q)NC(R) satisfies Lu > 0
in Q with ¢(z) <0 in Q. If u <0 on 09, then u < 0 in Q. In fact, either u < 0 in Q
oru=0 i .

In order to discuss the boundary value problem with general boundary condition, we
need the following result, which is just a corollary of Theorem 1.3 and Theorem 1.4.
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Corollary 1.6. Suppose Q2 has the interior sphere property and that u € C*(Q)NCL(Q)
satisfies Lu > 0 in Q with c(z) < 0. Assume u attains its nonnegative maximum at
xo € Q. Then xo € 0N and for any outward direction v at xo to O

)
8—7:(330) >0

unless u is constant in €).

Application. Suppose €2 is bounded in R™ and satisfies the interior sphere property.
Consider the the following boundary value problem

Lu=f in
*
®) g—z + a(z)u =p on If)
for some f € C(Q2) and ¢ € C(99Q). Assume in addition that ¢(x) < 0in Q and a(x) > 0
on 9. Then the problem (*) has a unique solution u € C?(Q2) N CH(Q) if ¢ # 0 or
a#0. If c=0 and a = 0, the problem (*) has unique solution u € C?(2) N C*(Q) up
to additive constants.

Proof. Suppose u is a solution to the following homogeneous equation

Lu=0 inQ
g_:, +a(x)u=0 on 0.

Case 1. ¢ # 0 or a # 0. We want to show u = 0.

Suppose that u has a positive maximum at zg € Q. If u = const. > 0, this contradicts
the condition ¢ # 0 in Q or a # 0 on 9. Otherwise xo € 02 and %(mo) > 0 by
Corollary 1.6, which contradicts the boundary value. Therefore u = 0.

Case 2. ¢ =0 and o = 0. We want to show u = const.

Suppose u is a nonconstant solution. Then its maximum in © is assumed only on O
by Theorem 1.4, say at zo € 0. Again Corollary 1.6 implies %(mo) > 0. This is a
contradiction.

The following theorem, due to Serrin, generalizes the comparison principle under no
restriction on c(z).

Theorem 1.7. Suppose u € C%(Q) N C(Y) satisfies Lu > 0. If u < 0 in Q, then either
u<0wmQoru=01in .

Proof. Method 1. Suppose u(xg) = 0 for some zy € 2. We will prove that « =0 in .
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Write ¢(z) = ¢t (x) — ¢ (z) where ¢*(x) and ¢~ (z) are the positive part and negative
part of ¢(z) respectively. Hence u satisfies

aijDiju —+ bZDZ’U, —Cc u Z —c+u Z 0.

So we have u = 0 by Theorem 1.4.
Method 2. Set v = ue™**1 for some a > 0 to be determined. By Lu > 0, we have

a;;Di;v + [Oé(ali + CL7;1) + bi]DiU + (CL11052 + bia+ C)U > 0.
Choose a large enough such that a;;0? + bia 4 ¢ > 0. Therefore v satisfies
aijD,-jv + [Of(ali + ail) + bz]DZU > 0.

Hence we apply Theorem 1.4 to v to conclude that either v < 0 in 2 or v =0 in €.
Next result is the general maximum principle for the operator L with no restriction
on c¢(x).

Theorem 1.8. Suppose there exists a w € C?(Q) N CY(Q) satisfying w > 0 in Q and
Lw <0 in Q. If u e C*(Q) N C(Q) satisfies Lu > 0 in Q, then * cannot assume in

its nonnegative maximum unless ;- = const. If, in addition, ;- assumes its nonnegative

mazimum at xo € 0Q and 7 # const., then for any outward direction v at xo to 0N

there holds 9
U

w
if 02 has the interior sphere property at xg.

Proof. Set v = >. Then v satisfies
L
aijDijv + B;D;v + (—w)v >0
w

where B; = b; + 2 ai;jD;jw. We may apply Theorem 1.4 and Corollary 1.6 to v.

w
Remark. If the operator L in (2 satisfies the condition of Theorem 1.8, then L has the
comparison principle. In particular, the Dirichlet boundary value problem

Lu = fin Q
u = ¢ on 0f)

has at most one solution.

Next result is the so-called maximum principle for narrow domain.
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Proposition 1.9. Let d be a positive number and e be a unit vector such that |(y —
x)- el <d for any x,y € Q. Then there exists a dy > 0, depending only on X\ and the
sup-norm of b; and ¢, such that the assumptions of Theorem 1.8 are satisfied if d < dg.

Proof. By choosing e = (1,0,---,0) we suppose Q lies in {0 < z; < d}. Assume in

addition |b;|,c™ < N for some positive constant N. We construct w as follows. Set

ad _ ea®1 > () in ). By direct calculation we have

w=e
Lw = —(a110” 4 b1a)e™™ + ¢(e® — 1) < —(ana@® + bia) + Ne™?,

Choose « so large that
a11a2 +bla > )\Oé2 — Na > 2N.

Hence Lw < —2N + Ne®? = N(e®? —2) < 0 if d is small such that e*? < 2.

Remark. Some results in this section, including Proposition 1.9, hold for unbounded
domain. Compare Proposition 1.9 with Theorem 4.8.

§2. A Priori Estimates
In this section we derive a priori estimates for solutions to Dirichlet problem and
Neumann problem.
Suppose 2 is a bounded and connected domain in R™. Consider the operator L in 2

Lu = a;;(z)D;iju+ bi(z)Diu + c(x)u

for u € C*(Q)NC(Q). We assume that a;;, b; and ¢ are continuous and hence bounded
in Q and that L is uniformly elliptic in €, i.e.,

ai;(2)€:€ > NE|? for any z € Q and any & € R"
where A is a positive number. We denote by A the sup-norm of a;; and b;, i.e.,

;i b;| < A.
m8x|am| —}—mgx| il <

Proposition 2.1. Suppose u € C?(Q) N C() satisfies

{Lu:f i )
U= on 02

for some f € C(Q) and p € C(09Q). If c(z) < 0, then there holds

lu(z)| < r%%}(](p\ + Cmgx]ﬂ for any x € Q
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where C' is a positive constant depending only on X\, A and diam(S2).

Proof. We will construct a function w in 2 such that
(i) Llwxwu)=Lw=x f<0,or Lw < Ff in §;
(i) wtu=w=x ¢ >0, or w> Fp on IN.
Denote F' = m(zlxx|f| and & = nggx@\. We need

Lw < —FinQ
w > O on 0f).

Suppose the domain (2 lies in the set {0 < x; < d} for some d > 0. Set w = ® + (e —
e )F' with o > 0 to be chosen later. Then we have by direct calculation

—Lw = (a11a2 + bla)Feaml —cd — C(ead _ eaml)F

> (a110® + bia)F > (6*A + bja)F > F

by choosing « large such that a?)\ + by (z)a > 1 for any x € Q. Hence w satisfies (i)
and (ii). By Corollary 1.5 (the comparison principle) we conclude —w < u < w in 2, in
particular

sgp lul < &+ (e - 1)F

where « is a positive constant depending only on A and A.

Proposition 2.2. Suppose u € C%(Q) N C(Q) satisfies

{Lu:f in
9u 4 a(z)u=¢ on O

where n is the outward normal direction to Q. If c(z) < 0 in Q and a(z) > ag > 0 on
0%}, then there holds

lu(z)| < C’{r%%xhol + m3x|f|} for any x € Q

where C' is a positive constant depending only on X\, A, oy and diam(€).

Proof. Special case: ¢(z) < —cp < 0. We will show

1 1
lu(z)| < —F 4+ —® for any = € Q.
Co (7))
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Define v = %F + aiOfI) 4+ w. Then we have

1 1
Lv=c(m)<aF+a—O<I>)j:fg—F:l:nginQ

1 1
@+&v:a(—F+—<I>>ing@ingOonaQ.
on Co Qg

If v has a negative minimum in €2, then v attains it on 02 by Theorem 1.2, say at
xo € 0. This implies 2—2(930) < 0 for n = n(zg), the outward normal direction at x.
Therefore we get

(g_z n ow) (w0) < av(ag) < 0

which is a contradiction. Hence we have v > 0 in 2, in particular,

1 1
lu(z)| < —F 4+ —® for any x € Q.
Co o
Note that for this special case ¢y and aq are independent of A\ and A.
General Case: ¢(z) <0 for any x € Q.
Consider the auxiliary function u(x) = z(x)w(x) where z is a positive function in
to be determined. Direct calculation shows that w satisfies
aijDijz + bZDZZ) f

w= = 1in (2
z

aijDijw + B,Dzw + (C +

ow 10z P
%—l-(c)ﬁ—;%)w—;onﬁﬂ

z

where B; = %(aij + aji)D;z 4+ b;. We need to choose the function z > 0 in Q such that

there hold in

ijDijz + b;D; :
¢+ i 2t ZS—Co()\,A7d,Oto)<O in Q

or

aijDijz + szzZ <

> >~
10z
z0n

IA
|
Q

@)
o
=
D
o)
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Suppose the domain Q lies in {0 < x; < d}. Choose z(x) = A + €% — %1 for z € Q
for some positive A and (8 to be determined. Direct calculation shows

(B%a11 + Bby)el™ N B%a11 + Bby S 1
A+ ebd —ebri = A4 ebfd T A4 efd

1

—— (ai]‘DijZ + bZDZZ) = >0,
z

if 3 is chosen such that 32aq; + 8b; > 1. Then we have

< éeﬁdgl
A 2

if A is chosen large. This reduces to the special case we just discussed. The new extra
first order term does not change the result. We may apply the special case to w.

Remark. The result fails if we just assume a(x) > 0 on 9. In fact, we cannot even get
the uniqueness.

§3. Gradient Estimates

The basic idea in the treatment of gradient estimates, due to Bernstein, involves
differentiation of the equation with respect to xx, k = 1, ..., n, followed by multiplication
by Diu and summation over k. The maximum principle is then applied to the resulting
equation in the function v = |Dul|?, possibly with some modification. There are two
kinds of gradient estimates, global gradient estimates and interior gradient estimates.
We will use semi-linear equations to illustrate the idea.

Suppose () is a bounded and connected domain in R™. Consider the equation

aij(z)Diju+ bi(z)Diu = f(z,u) in Q

for u € C%(Q) and f € C(Q x R). We always assume that a;; and b; are continuous and
hence bounded in © and that the equation is uniformly elliptic in € in the following

sense
aij(2)€:€; > NE|? for any z € Q and any & € R”

for some positive constant \.

Proposition 3.1. Suppose u € C3(Q) N C(Q) satisfies
(1) a;j(x)Diju+ bi(x)Diu = f(x,u) inQ
for a;j,b; € CH(Q) and f € CY(Q x R). Then there holds

sup|Du| < sup|Du| + C
Q o9
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where C' is a positive constant depending only on A, diam(R), |aij, bilcr(qy, M =
|U\Loo(Q) and |f|Cl(Q><[—M,M])'

Proof. Set L = a;jD;j + b;D;. We calculate L(|Dul|?) first. Note
D;(|Dul?) = 2DpuDy;u

and

(2) D;;(|Du|?) = 2Dy; Dyju + 2DyuDy;ju.

Differentiating (1) with respect to x, multiplying by Dyu and summing over k, we have
by (2)

aij Dy (|Dul?) + b Di(|Dul®) = 2a;; DysuDyju
— 2Dya;; DyuD;ju — 2Dyb; DyuDiu + 2D, f| Dul? + 2Dy, f Dyu.

Ellipticity assumption implies

Z aijDkiuiju Z A\D2u|2
4,7,k

By Cauchy inequality, we have
L(|Dul?) > \|D*u|? — C|Dul* — C

where C'is a positive constant depending only on A, |aij, bi|c1 (o) and | flor@x—ar,a)-
We need to add another term u?. We have by ellipticity assumption

L(u?) = 2a;; DiuDju + 2u{a;; Diju + b;D;u}
> 2\|Dul* + 2uf.

Therefore we obtain

L(|Dul* + au®) > A\ D?*ul* + (2\a — O)|Dul* — C
> A D?ul? 4 |Dul® - C

if we choose a > 0 large, with C' depending in addition on M. In order to control the
constant term we may consider another function e#*' for 3 > 0. Hence we get

L(|Dul? + au® + €71) > X|D?u|? + |Dul? + {#%a11¢%* + Bb1eP™ — C}.
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If we put the domain Q C {x; > 0}, then e¥1 > 1 for any = € Q. By choosing 3 large,
we may make the last term positive. Therefore, if we set w = | Du|?+a|u|?+€5% for large
a, 3 depending only on A, diam(f2), |aij, bilc1(q), M = |u[r~(q) and |fler(@xi—a, )
then we obtain

Lw >0 in Q.

By the maximum principle we have

supw < supw.
Q o

This finishes the proof.

Similarly, we can discuss the interior gradient bound. In this case, we just require
the bound of sup|u|.
Q

Proposition 3.2. Suppose u € C3(Q) satisfies

a;j(x)Diju+ bi(x)Diu = f(x,u) inQ
for ai;,b; € CYH(Q) and f € CYQ x R). Then there holds for any compact subset
Q' cch

sup|Du| < C
Q/

where C' is a positive constant depending only on A, diam(S2), dist(Q',082), |aij, bilc1 (o),
M = |U\Loo(9) and ’f\m(()x[—M,M])-

Proof. We need to take a cut-off function v € C§°(£2) with v > 0 and consider the
auxiliary function with the following form

w = v|Dul? 4+ aju|* + 7.
Set v = y|Du|?. Then we have for operator L defined as before
Lv = (L7)| Duf? + ~L(|Dul?) + 2a5; Dy Dy | Dul.
Recall an inequality in the proof of Proposition 3.1
L(|Du|?) > X\|D?u|* — C|Du|* - C.
Hence we have
Lv > \y|D?ul? + 2a;; DjuD;yDyju — C|Du|?® + (Lv)|Du|* — C.
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Cauchy inequality implies for any € > 0
12a;; DyuD;iyDyju| < e|Dv|?|D?ul® + c(e)| Dul*.
For the cut-off function v, we require that
|Dv|? < Cv in Q.

Therefore we have by taking £ > 0 small

| 2

D
€|7

Lv > \y|D?ul? (1 - ) — C|Du* - C

1
> §A7|D2u|2 — C|Dul* - C.

Now we may proceed as before.

In the rest of this section we use barrier functions to derive the boundary gradient
estimates. We need to assume that the domain (2 satisfies the uniform exterior sphere

property.
Proposition 3.3. Suppose u € C?(Q) N C(N) satisfies

a;j(x)Diju+ bj(x)Diu = f(x,u) inQ
for a;j,b; € C(Q) and f € C(Q x R). Then there holds
lu(z) —u(zo)| < Clz —xo| for any x € Q and xy € 0N
where C' is a positive constant depending only on X, |ai;, bi|p~ ), M = |u|r=q),

| floe@x[=a,n)) and [p|ez(q) for some ¢ € C?(Q) with ¢ = u on 0.

Proof. For simplicity we assume u = 0 on 0f2. As before set L = a;;D;; + b;D;. Then
we have
L(tu)=+f>—-F inQ

where we denote F' = supg, |f(-,u)|. Now fix zp € 0Q2. We will construct a function w
such that
Lw < —F in Q, w(zg) =0, w|ag > 0.

Then by the maximum principle we have



Taking normal derivative at zy, we have

0
G

So we need to bound ‘g—;‘;(:ﬂo) independently of xg.
Consider the exterior ball Bg(y) with Br(y) NQ = {z¢}. Define d(x) as the distance
from x to OBr(y). Then we have

0 <d(x) < D =diam(Q) for any z € Q.

In fact, d(z) = |z — y| — R for any = € . Consider w = (d) for some function 1
defined in [0, 00). Then we need

$(0) =0 (= w(zo) = 0)
P(d) >0ford >0 (= w|pq >0)
¥’ (0) is controlled .

;From the first two inequalities, it is natural to require that ¢’(d) > 0. Note
Lw= @b"aijDidDjd -+ w'aijDijd + wllezd

Direct calculation yields

Ty — Y
Dudlz) = [z =y
0ij (i — i) (T — ¥i)
Dyid(z) = —9  _
) = =y

which imply |Dd| =1 and with A = sup|a;|

Qi aij nA A nA—X  nA-—A\

CLZ'jDijd = Ddejd S

_ — — <
e —yl |z—y lz -yl |lr—yl |lr—yl - R

Therefore we obtain by ellipticity

R

A
<M+ (n = +!b!>

A —
Lw < 4" ay; DidD;d + ' (” AL |b|)
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if we require 1" < 0. Hence in order to have Lw < —F we need

nA — A\
R

)«p”+1//< +yb|>+F§0.

To this end, we study the equation for some positive constants a and b
P +ap'+b=0

whose solution is given by

¥(d) = —§d+ G _ G2

a a

for some constants C; and Cy. For ¢(0) = 0, we need C; = Co. Hence we have for

some constant C ) o
Y(d) = ——d+ —(1 — e )
a a

which implies

Ip/(d) — Ce—ad - 9 — e—ad (C . éead)

a a

Y"(d) = —Cae™ .

In order to have ¢/(d) > 0, we need C > 2e?P. Since ¢'(d) > 0 for d > 0, so
¥(d) > (0) = 0 for any d > 0. Therefore we take

b b aD —ad
w(d):—acﬂ—?e (1 —e" %)

_ é{lea% p— —d}.

a |\ a

Such 1 satisfies all the requirements we imposed. This finishes the proof.

§4. Alexandroff Maximum Principle

Suppose () is a bounded domain in R™ and consider a second order elliptic operator
L in Q
where coefficients a;j,b;,c are at least continuous in (2. Ellipticity means that the
coefficient matrix A = (a;;) is positive definite everywhere in Q. We set D = det(A)
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and D* = Dw so that D* is the geometric mean of the eigenvalues of A. Throughout
this section we assume
0<A<D*"<A

where X and A are two positive constants, which denote, respectively, the minimal and
maximal eigenvalues of A.

Before stating the main theorem we first introduce the concept of contact sets. For
u € C?(Q) we define

't ={yeQ; ulx) <uly) + Du(y) - (x —y), for any z € Q}.

The set I'" is called the upper contact set of u and Hessian matrix D*u = (Dj;u) is
nonpositive on I'". In fact upper contact set can also be defined for continuous function
u by the following

' ={yecQ; ulx) <uly)+p-(x—y), forany z € Q and some p = p(y) € R"}.

Clearly, u is concave if and only if I'" = Q. If u € C*(2), then p(y) = Du(y) and any
support hyperplane must then be a tangent plane to the graph.
Now we consider the equation of the following form

Lu=f in ()
for some f € C(Q2).
Theorem 4.1. Suppose v € C(Q) N C?(Q) satisfies Lu > f in Q with the following

conditions
| f

D*’ D~

e L™(Q), and c¢<0 in Q.
Then there holds

f
supu < supu’ +C n (P4
wpu < supu’ + O ey

where T'" is the upper contact set of u and C' is a constant depending only on n, diam(Q)
and || 2=

n(r+y- In fact, C' can be written as

t- et E (e e + 1} -1

with wy, as the volume of the unit ball in R™.

2n—2

wpn™
Remark. The integral domain I't can be replaced by
't n{z e Qu(z) >suput}.
oQ

Remark. There is no assumption on uniform ellipticity. Compare with the Hopf’s max-
imum principle in Section 1.

We need a lemma first.
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Lemma 4.2. Suppose g € L} (R™) is nonnegative. Then for any u € C(Q) N C?*(Q)

there holds
| o< [ sDwldent
B ;(0) r+

where Tt is the upper contact set of w and M = (supu — suput)/d with d = diam(S).
Q o0

Remark. For any positive definite matrix A = (a;;) we have

1 (—agDiju\"
det(—D?u) < ) (M) onI'".
n

Hence we have another form for Lemma 4.2

_aleu n
gﬁ/ g(Du)(—=) "
/;Mun T+ ( nD )

Remark. A special case corresponds to g = 1:

3=

d
supu < supu’ + — / |det D?u|
Q a0 Wi
T+
1
Dau\"
) W nD*

T+
Note this is the Theorem 4.1 if b; =0 and ¢ = 0.

Proof of Lemma 4.2. Without loss of generality we assume v < 0 on 9. Set QT =
{u > 0}. By the area-formula for Du in I'" N Q% C Q, we have

) [ e [ auenrol
Du(T+na+) r+n0+
where |det(D?u)| is the Jacobian of the map Du : @ — R™. In fact we may consider

Xe = Du —¢eld : Q@ — R"™. Then Dy. = D?u — I, which is negative definite in I't.
Hence by change of variable formula we have

/ g = / g(x)|det(D?u — eT)],

xe(I'tNQt) r+no+
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which implies (1) if we let € — 0.

Now we claim By (0) € Du(l' NQ*), i.e., for any a € R with |a| < M there exists
x € It NQT such that a = Du(x).

We may assume u attains its maximum m > 0 at 0 € 2, i.e.,

u(0) = m = supu.
Q

Consider an affine function for |a| < m/d(= M)
Lz)=m+a-x.

Then L(xz) > 0 for any =z € 2 and L(0) = m. Since u assumes its maximum at 0, then
Du(0) = 0. Hence there exists an x; close to 0 such that u(zy) > L(x1) > 0. Note that
u <0< L on 09. Hence there exists an & €  such that Du(z) = DL(Z) = a. Now we
may translate vertically the plane y = L(x) to the highest such position, i,e., the whole
surface y = u(x) lies below the plane. Clearly at such point, the function u is positive.

Proof of Theorem 4.1. We should choose g appropriately in order to apply Lemma 4.2.
Note if f = 0 and ¢ = 0 then (—a;;D;;u)” < [b|"|Du|™ in Q. This suggests that we
should take g(p) = |p|~™. However such function is not locally integrable (at origin).
Hence we will choose g(p) = (|p|™ + ¢™)~! and then let p — 0.

First we have by Cauchy inequality

—a;; Dy < b;Dju+cu— f
<b;Diu—f in Q" = {z;u(z) > 0}
< |b] - [Dul + f~

3=

< (]b|n + (Jiu;n)n)" (|Du|™ 4+ p™)™ - (1 + 1)"T_27

in particular
n n f_ n n n n—
(—a;;jDiju)" < <|b\ +(7) (|Du|™ 4+ p") - 2772,

Now we choose

1
9P) = T
P = G
By Lemma 4.2 we have
n—2 n —-n —\n
[ <2 [ Elenuon
n D
B (0) r+no+
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We evaluate the integral in the left hand side in the following way

M n—1 Mn n M’I’L

/ g:wn/ T (i7‘=ﬁlog—+'u :w—nlog(—+1).
o T p" n wr n wr

By (0)

Therefore we obtain

rm n 271_2 b n -n _ n
M™ < p {exp {wnn” |:||§||Ln(I‘+ﬂQ+) +Hu ||ﬁ||Ln(F+mQ+)] } - 1}.

If f # 0, we choose p = ||{);
let © — 0.

n(+no+)- If f # 0, we may choose any p > 0 and then

In the following we use Theorem 4.1 and Lemma 4.2 to derive some a-priori estimates
for solutions to quasilinear equations and fully nonlinear equations. In the next result
we do not assume uniform ellipticity.

Proposition 4.3. Suppose that u € C(2) N C?(Q) satisfies
Qu = a;j(z,u, Du)D;ju+ b(x,u,Du) =0 in Q
where a;; € C(2 x R x R™) satisfies
aij(x,z,p)&&; > 0 for any (z,z,p) € A X R x R" and £ € R™.
Suppose there exist non-negative functions g € L' (R™) and h € L™(Q2) such that

loc

|b(z, 2, p)| _ ()
nD* = g(p)

for any (z,z,p) € A x R x R"

and

/h”(m)dm < /g”(p)dp = Joo-

Q R
Then there holds

sup |u| < sup |u| + C'diam(€2),

Q o

where C' is a positive constant depending only on g and h.
Ezample. The prescribed mean curvature equation is given by

3
2

(1 + |Dul?)Au — DiuDjuD;ju = nH(z)(1 4+ |Dul?)
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for some H € C(Q2). We have
aij(z,2z,p) = (1+ ‘p|2)5ij —pipj = D=1+ |p|2)n_1
b= —nH(z)(1+ |p[)3.

This implies

e, 2.p) _ [H@I(+Ip)F |H(2)|(1+ |p]?) =

nDt T (1 )
and in particular
n dp
Joo = [ 9" (p)dp = EDE = Wn.
2
R R p

Corollary 4.4. Suppose u € C(2) N C?(Q) satisfies
(1 + |Dul*)Au — DyuDjuD;ju = nH(z)(1 + |Dul?)? in Q

for some H € C(2). Then if
Hy = / |H(z)["dx < wy,
Q

we have
sup |u| < sup |u| + Cdiam(£2)
Q o)

where C' is a positive constant depending only on n and Hy.

Proof of Proposition 4.3. We prove for subsolutions. Assume Qu > 0 in 2. Then we
have
—aijDiju S b in Q.

Note that {D;;u} is nonpositive in I'". Hence —a;; D;;u > 0, which implies b(x, u, Du) >
0 in I'". Then in I'" N QT there holds
b(x, z, Du) < h(z)
nD* = g(Du)

We may apply Lemma 4.2 to g™ and get

/g”S / g”(DU)(%)HS / gn(DU)(ng*)n

B, (0) r+no+ r+no+
< / h" < /h”(< /g”)
r+nQ+ Q R7
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Therefore there exists a positive constant C', depending only on g and h, such that
M < C. This implies

supu < supu’ + C diam(9Q).
Q G19)

Next we discuss Monge-Ampére equations.

Proposition 4.5. Suppose u € C(Q) N C?(Q) satisfies
det(D*u) = f(x,u, Du) in

for some f € C(Q x R x R"™). Suppose there exist nonnegative functions g € L}, .(R™)
and h € LY(Q) such that

|f(x,2,p)| < % for any (z,z,p) € A x R x R"

and

Q/h(m)dx < /g(p)dp = Joo-

Rn

Then there holds
sup|u| < supl|u| + C diam(),
Q o0

where C' is a positive constant depending only on g and h.

The proof is similar to that of Proposition 4.3. There are two special cases. The first
case is given by f = f(x). We may take g = 1 and hence g,, = 00. So we obtain

Corollary 4.6. Let u € C(Q) N C?(Q) satisfy
det(D*u) = f(x) inQ

for some f € C(Q). Then there holds

1
diam(Q) "
supful < suplul + ZE (g7
Q o0 5

T
Wy

Second case is about the prescribed Gaussian curvature equations.
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Corollary 4.7. Let u € C(Q) N C?%(Q) satisfy
det(D*u) = K(x)(1 + |Du|2)nT+2 in Q
for some K € C(Q). Then if
Koy E/|K(az)| < Wp

Q

we have
sup |u| < sup |u| + Cdiam(£2)
Q oQ
where C' is a positive constant depending only on n and K.

We finish this section by proving a maximum principle in a domain with small volume,
which is due to Varadham.
Consider
Lu= aijDiju +b;D;u+cu in €

where {a;;} is positive definitely pointwisely in © and
bi| + || < A and det(a;;) > A
for some positive constants A and A.

Theorem 4.8. Suppose u € C(2) N C?(Q) satisfies Lu > 0 in Q with u < 0 on 0.
Assume diam(QY) < d. Then there is a positive constant § = §(n, A\, A,d) > 0 such that
if 1] <6 then u <0 in Q.

Proof. If ¢ < 0, then u < 0 by Theorem 4.1. In general write ¢ = ¢ — ¢~. Then
aijDiju+b;Dju — ¢ u > —cTu(= f).
By Theorem 4.1 we have

supu < c(n, A, A, d)||ctut || pnq)
Q
1 1
<c(n,\, A, d)||cT||L<|Q|" - supu < =supu
Q 2 g

if || is small. Hence we get u < 0 in 2.

Remark. Compare this with Proposition 1.9, the maximum principle for narrow domain.

§5. Moving Plane Method

In this section we will use the moving plane method to discuss the symmetry of
solutions. The following result was first proved by Gidas, Ni and Nirenberg.
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Theorem 5.1. Suppose u € C(B1) N C?(By) is a positive solution of

Au+ f(u) =0 in By
u=0 on 0B,

where f is locally Lipschitz in R. Then w s radially symmetric in By and %(w) <0
for x # 0.

The original proof requires that solutions be C? up to the boundary. Here we give
a method which does not depend on the smoothness of domains nor the smoothness of
solutions up to the boundary.

Lemma 5.2. Suppose that ) is a bounded domain which is convex in x1 direction and
symmetric with respect to the plane {x1 = 0}. Suppose u € C(Q) N C?(Q) is a positive
solution of
Au+ f(u) =0 in Q
u =0 on O}
where f is locally Lipschitz in R. Then u is symmetric with respect to x1 and D, u(zx) <

0 for any x € Q with x1 > 0.

Proof. Write z = (x1,y) € Q for y € R*~1. We will prove
(1) u(z1,y) < u(xyl,y) for any 1 > 0 and x] < x; with 2] +x; > 0.

Then by letting 7 — —x1, we get u(z1,y) < u(—xz1,y) for any z1. Then by changing
the direction z; — —z1, we get the symmetry.
Let a = sup z; for (z1,y) € Q. For 0 < A < a, define
DN :{1'69;331 >)\}
T)\ = {113'1 = )\}
", = the reflection of ¥y with respect to T

Ty = 2N\ — 1,29, - x,) for x = (21,29, - Tp).

In X\ we define
wy(x) = u(x) —u(xy) for z € Xj.

Then we have by Mean Value Theorem

Awy + c(x, \)wy =0 in Xy
wy < 0 and wy Z 0 on 0%y.
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where ¢(x, \) is a bounded function in Xy.

We need to show wy < 0 in Xy for any A € (0,a). This implies in particular that wy
assumes along 0%y N Q its maximum in ¥). By Theorem 1.3 (Hopf Lemma) we have
for any such \ € (0,a)

Dy wy = 2D, u <0.

1‘1:)\

.’Elz)\

For any A close to a, we have wy < 0 by Proposition 1.9 (the maximum principle for
narrow domain) or Theorem 4.8. Let (Ao, a) be the largest interval of values of A\ such
that wy < 0 in Xy. We want to show A\g = 0. If Ay > 0, by continuity, wy, < 0 in Xy,
and wy, # 0 on 0X,,. Then Theorem 1.4 (strong maximum principle) implies wy, < 0
in »,,. We will show that for any small € > 0

Wxg—e < 01in Xy, _.

Fix 0 > 0 (to be determined). Let K be a closed subset in X, such that | Xy, \ K| < 6/2.
The fact wy, < 0 in X, implies

wy, (z) < —n <0 for any x € K.

By continuity we have
Wxy—e < 0 in K.

For e > 0 small, |X),_c\ K| < §. We choose § in such a way that we may apply Theorem
4.8 (maximum principle for domain with small volume) to wy,—. in X,—- \ K. Hence
we get

Wxy—e(z) <0in Xy, \ K

and then by Theorem 1.7
Wyy—e(r) <0in Xy, \ K.
Therefore we obtain for any small € > 0
Wyy—e(T) < 0in Xy, _c.

This contradicts the choice of Ag.
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CHAPTER 3
WEAK SOLUTIONS, PART I

GUIDE

The first section provide some general knowledge of Campanato and BMO spaces
that are needed in both Chapter 3 and 4.Sections 3.2,3.3 and sections 5.3,5.4 can be
viewed as perturbation theory (from constant cofficients equations).The former deals
with equations of divergence type,and the latter is for nondivergence type equations.
The classical theory of Schauder estimates and LP estimates are also contained in the
latter treatment.Note we did not use the classical potential estimates.Here two papers
by Caffarelli [C1,2] and the book of Giaquinta [G] are sources for the further readings.

In this chapter and the next we discuss various regularity results for weak solutions
to elliptic equations of divergence form. In order to explain ideas clearly we will discuss
the equations with the following form only

—Dj(a;j(z)Diu) + c(x)u = f(x).

We assume that € is a domain in R™. The function u € H(Q) is a weak solution if
it satisfies

/ (aijDiuchp + cugp) = / fe for any ¢ € H&(Q),
Q Q

where we assume
(i) the leading coefficients a;; € L>(§2) are uniformly elliptic, i.e., for some positive
constant A there holds

a;j(x)&:&5 > )\|§|2 for any x € Q and £ € R™;

(ii) the coefficient ¢ € L2 (Q) and nonhomogenuous term f € Lot ().

Note by Sobolev embedding theorem (ii) is the least assumption on ¢ and f to have a
meaningful equation.

We will prove various interior regularity results concerning the solution u if we have
better assumptions on coefficients a;; and ¢ and nonhomogenuous term f. Basically
there are two class of regularity results, perturbation results and nonperturbation re-
sults. The first is based on the regularity assumption on the leading coefficients a;;,
which are assumed to be at least continuous. Under such assumption we may compare
solutions to the underlying equations with harmonic functions, or solutions to constant
coefficient equations. Then the regularity of solutions depends on how close they are to
harmonic functions or how close the leading coefficients a;; are to constant coefficients.

Typeset by ApS-TEX
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In this direction we have Schauder estimates and W?2? estimates. In this chapter we
only discuss the Schauder estimates. For the second kind of regularity, there is no con-
tinuity assumption on the leading coefficients a;;. Hence the result is not based on the
perturbation. The iteration methods introduced by DeGiorgi and Moser are successful
in dealing with nonperturbation situation. The results proved by them are fundamental
for the discussion of quasilinear equations, where the coefficients depend on the solu-
tions. In fact the linearlity has no bearing in their arguments. This permits an extension
of these results to quasilinear equations with appropriate structure conditions.

One may discuss boundary regularities in a similar way. We leave the details to
readers.

§1. Growth of Local Integrals

Let Br(zg) be the ball in R™ of radius R centered at xo. The well-known Sobolev
theorem states that if u € WP (Bgr(x¢)) with p > n then u is Holder continuous with
exponent a =1 —n/p.

In the first part of this section we prove a general result, due to S. Campanato, which
characterizes Holder continuous functions by the growth of their local integrals. This
result will be very useful for studying the regularity of solutions to elliptic differen-
tial equations. In the second part of this section we prove a result, due to John and
Nirenberg, which gives an equivalent definition of functions of bounded mean oscillation.

Let ©Q be a bounded connected open set in R™ and let v € L'(2). For any ball
B,.(z9) C 2, define

1
1B (z0)| JB, (z)

Theorem 1.1. Suppose u € L?(Q) satisfies

Uz, r U.

/ lu — ug . |* < M?*r" T2 for any B,(x) C Q,

or some a € (0,1). Then u € C¥(Q) and for any ' CC Q there holds
f ( Y

u(z) — u(y)

suplul + sup < oM + )

x,y€Q ’.CC - y‘a
TFY
where ¢ = c¢(n,a, Q, Q") > 0.

Proof. Denote Ry = dist(Q,09). For any xzo € Q" and 0 < r; < ry < Ry, we have
|u$0,7‘1 - UCC077“2|2 < 2(|u(x) — Uzg,ry |2 + |u(90) - umoﬂ“2|2)
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and integrating with respect to x in B, (o)

2
sy =gl < ([ et P [ um )
WnT1 JB,, (x0) By, (z0)

from which the estimate

(1) [ty = Uag,ra | < e(n) MPrp " {r 2% 4y 20,

follows.
For any R < Ry, with r; = R/2"1 ry = R/2", we obtain

’ux0,2*(i+l)R - umo’zfiR‘ S C(n)2_(l+l)aMRa

and therefore for h < k

k—

h—1
1 )
’uazo,Q_hR_ 0,27 kR| < 2(h+1) R* Z Qza MR®.
1=0

This shows that {u,, 2-ig} C R is a Cauchy sequence, hence a convergent one. Its limit
ii(xg) is independent of the choice of R, since (1) can be applied with r; = 27*R and
= 27'R whenever 0 < R < R < Ry. Thus we get
Ill(ajo) = IEJI,/IOluJIO,T
with
(2) Ugy.r — W(xo)| < e(n, a) Mr®
for any 0 < r < Ryp.

Recall that {u, .} converges, as r — 0+, in L'(Q) to the function u, by the Lebesgue
theorem, so we have u = @ a.e. and (2) implies that {u, ,} converges uniformly to u(x)
in . Since z — u, , is continuous for any r > 0, u(z) is continuous. By (2) we get

u(z)] < CMR® + |ty r|

for any z € Q" and R < Ry. Hence u is bounded in €’ with the estimate

sup [ul < e{ Mg + [[ull 2o }-
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Finally we prove that u is Holder continuous. Let z,y € Q' with R = |x —y| < Ro/2.
Then we have

u(e) = u(y)| < lu() = uz2r| + [u(y) = uy2r| + [Uz,2r — uy 28]

The first two terms on the right sides are estimated in (2). For the last term we write

[uz,2r — Uy2r| < uz2r — u(Q)] + |uy 2r — u(Q)]
and integrating with respect to ¢ over Bagr(z) N Bag(y), which contains Br(z), yields

2

ug2r — Uy 2r|” < = { U — uq 2r|? +/ u — uy2r|*}
‘BR(':E) Bag(x) Bar(y)

< ¢(n, o) M?R*>,

Therefore we have
[u(x) —u(y)| < c(n, ) Mz —y|*.

For |x —y| > Ry/2 we obtain
1 (a4
[u(z) —u(y)] < 2sup |u| < eAM + e llull 2z —y[*.
Q/ 0

This finishes the proof.

The Sobolev theorem is an easy consequence of Theorem 1.1. In fact we have the
following result due to Morrey.

Corollary 1.2. Suppose u € H} (Q) satisfies
/ |Du|? < M?r" =272 for any B,(x) C Q,
B,.(z)

or some a € (0,1). Then u € C¥(Q) and for any ' CC Q there holds
f ( y

ju(z) — u(y)

suplul + sup < oM+ ulze)

x,ye ’ZL‘ - y‘a
z#y

where ¢ = c¢(n,a, Q, Q") > 0.

Proof. By Poincaré inequality, we obtain
/ U — g | < c(n)rQ/ |Dul|? < ¢(n)M?r"T2e,
By(x) By (x)
By applying Theorem 1.1, we have the result.
The following result will be needed in section 2.
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Lemma 1.3. Suppose u € HY(Q) satisfies
/ |Du|?* < Mr*, for any B,(xq) C Q,
By (o)
for some p € [0,n). Then for any ' CC § there holds for any B, (x¢) C  with xg €

/ ‘u’2 < C(TL,)\,M,Q,Q/){M—}—/ U2}T>\
By (zo0) Q

where A =+ 2 if p <n—2 and X\ is any number in [0,n) if n —2 < p < n.

Proof. As before denote Ry = dist(2',09). For any xo € ' and 0 < r < Ry, Poincaré
inequality yields

/ U — gy r|? < cr2/ | Du|?*dx < c¢(n)Mrt+2,
B, (z0) By (zo0)
This implies that
/ U — Uy o |* < c(n)Mr?
B, (z0)

where A is as in the Theorem 1.3. For any 0 < p < r < Ry we have

/ u? < 2/ |uwo,r|2 + 2/ lu — uxo,r|2

Bp(xo) Bp(xO) Bp(l’O)

212 [ fu gl
B”r‘(:rO)

< ¢(n) (g)n /Br(xo) u? + M

|uoc 7"‘2 < C(”) ul.
05 — n
r By (z0)

Hence the function ¢(r) = [, (z0) u? satisfies the inequality

< c(n)p" |ugo

where we used

(1) o(p) < c(n){(’;)n P(r) + M1}, for any 0 < p < r < Ry

for some A € (0,7n). If we may replace the term Mr> in the right by Mp*, we are done.
In fact, we would obtain that for any 0 < p < r < Ry there holds

A
(2) / u? < c{<£> / u? + Mpr}.
By (zo) r B(z0)

Choose r = Ry. This implies
/ u2§cp>‘{/u2—|—M}foranyp§Ro.
Bp(fo) Q

In order to get (2) from (1), we need the following technical lemma.
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Lemma 1.4. Let ¢(t) be a nonnegative and nondecreasing function on [0, R]. Suppose
that

olp) < A(2)" +elo(r) + Br

r

for any 0 < p < r < R, with A, B, a, B nonnegative constants and 3 < «. Then for any
v € (B, ), there exists a constant eg = €o(A, o, 3,7) such that if € < €9 we have for all
0<p<r<R

op) < el(2) o(r) + B}

where ¢ is a positive constant depending on A,«, 3,v. In particular we have for any
O0<r<R

o(r) < c{%r” + Brﬂ}.

Proof. For 7 € (0,1) and r < R, we have
o(11) < ATY[1 4T~ ¢(r) + BrP.

Choose 7 < 1 in such a way that 2A7% = 77 and assume o7~ % < 1. Then we get for
every r < R
o(rr) < 77¢(r) + Br’

and therefore for all integers k£ > 0

¢(Tk+17“) < 77¢(7kr) + BrkByB
k
< 7 DY (1) 4 BrROyP Z Fi(=8)
=0
B8P
(k+1)y =

Choosing k such that 75127 < p < 7F+1r the last inequality gives

Bp°
1—77-8)

o) < = (£)"60) + 7

TV \r

In the rest of this section we discuss functions of bounded mean oscillation (BMO).
The following result is proved by John and Nirenberg.
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Theorem 1.5 (John-Nirenberg Lemma). Suppose u € L'(Q) satisfies
/ | —ug | < Mr"™, for any By(z) C Q.
B, (x)

Then there holds for any B,(x) C Q

/ epﬁo|u—uzyr| < C«7,TL7
B, (z)

for some positive pg and C' depending only on n.

Remark. Functions satisfying the condition of Theorem 1.5 are called functions of
bounded mean oscillation (BMO). We have the following relation

L Cc BMO.
;
The counterexample is given by the following function in (0,1) C R
u(zx) = log(x).

For convenience we use cubes instead of balls. We need the Calderon-Zygmund
decomposition. First we introduce some terminology.

Take the unit cube @)y. Cut it equally into 2™ cubes, which we take as the first
generation. Do the same cutting for these small cubes to get the second generation.
Continue this process. These cubes (from all generations) are called dyadic cubes. Any
(k + 1)-generation cube @) comes from some k-generation cube @, which is called the
predecessor of Q).

Lemma 1.6. Suppose f € L'(Qqo) is nonnegative and o > Qo] fQof is a fized
constant. Then there exists a sequence of (nonoverlapping) dyadic cubes {Q;} in Qo
such that

flx) <a ae in Qo \ U;Q;
and

1
a< — fdzr < 2"a.
1Q;1 Jo,

Proof. Cut @ into 2" dyadic cubes and keep the cube Q if |Q|™* fQ f > «. For others

keep cutting and always keep the cube Q if |Q|™! fQ f > o and cut the rest. Let {Q;}
be the cubes we have kept during this infinite process. We only need to verify that

f(z) <a ae in Qo \ U;Q;.
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Let F' = Qo \ U;Q;. For any = € F, from the way we collect {Q;}, there exists a
sequence of cubes Q° containing = such that

1
QY Joi

f<a

and
diam(Q") — 0 as i — oo.

By Lebesgue density theorem this implies that
f<aae. in F.

Proof of Theorem 1.5. Assume Q = Q). We may rewrite the assumption in terms of
cubes as follows

[ 1u=ual < M@
Q

for any Q C Qo. We will prove that there exist two positive constants ¢1(n) and ca(n)
such that for any Q C Qg there holds

c
{z € Qi lu—ugl >t} < c1fQleap (—77t) -

Then Theorem 1.5 follows easily.

Assume without loss of generality M = 1. Choose a > 1 > Qo] ™! fQo lu — ug, |dx.
Apply Calderon-Zygmund decomposition to f = |u — ug,|. There exists a sequence of
(nonoverlapping) cubes {Qg-l)};?‘;l such that

1

ag—/ lu —ug,| < 2"«
Q5 Jag

u(z) —ug,| < a ae. z € Qo \ U, Q.

(1) <l/ — <1
;\QJ <2 Q0|u uQo| < ~ Qo

1
’qu_l) - UQO‘ < m /Q(l) \u — uQ0|da: < 2"a.
J J

Definition of BM O norm implies for each j

This implies

1

—1/ |u—uQ,(1)|d:L‘§1<oz.
Q571 Jes J
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Apply decomposition procedure above to f = |[u—u oW | in le). There exists a sequence
J

of (nonoverlapping) cubes {Q;Q)} in UJQEI) such that

o) < L _ 1 () o 1
> 167 < a%:/w =gl < 3 310471 < 21
J= J

and
lu(z) — uQ(v1>| <a ae x€ le) AN UQ;Q),

which implies
lu(z) —ug,| <2-2"aae € Qo \ Ungz).

Continue this process. For any integer k > 1 there exists a sequence of disjoint cubes
{Q;k)} such that

10 < il
j
and
lu(z) —ug,| < k2"a a.e. z € Qo \, Ung-k:).
Thus -
o € Qo lu— gy | > 2ka}] < 3" 1@ < lQol.
j=1

For any ¢ there exists an integer k such that ¢t € [2"ka, 2™ (k + 1)«). This implies

_ —_ _ _logo
o k:aa (k+1) — ae (k+1) log o < ae 2"at‘

This finishes the proof.

§2. Holder Continuity of Solutions

In this section we will prove Holder regularity for solutions. The basic idea is to
freeze the leading coefficients and then to compare solutions with harmonic functions.
The regularity of solutions depends on how close solutions are to harmonic functions.
Hence we need some regularity assumption on the leading coefficients.

Suppose a;; € L*(By) is uniformly elliptic in B; = B1(0), i.e.,

MEP? < ai(2)€:€ < A%, for any o € By, € € R™
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In the following we assume that a;; is at least continuous. We assume that u € H'(B)
satisfies

(%) / ai;DiuDjo + cup = fo for any ¢ € Hy(By).
B1 Bl

The main theorem we will prove are the following Holder estimates for solutions.

Theorem 2.1. Let u € H'(By) solve (x). Assume a;; € C°(By), ¢ € L"(By) and
f € Li(By) for some q € (n/2, n). Then u € C*(By) with a« = 2 —n/q € (0,1).
Moreover, there exists an Ry = Ro(\, A, 7, ||c||pn) such that for any x € By andr < Ry
there holds

- |Du|? < O?“n72+2a{||f||%q(B1) + ||u||%11(31)}

where C = C(\, A, 7, ||c||pn) is a positive constant with
|aij(z) — ai;(Y)| < 7(|z —yl), for any z,y € B

Remark. In the case of ¢ = 0, we may replace |[ul|g1(p,) with ||Dul|z2(p,).

The idea of the proof is to compare the solution « with harmonic functions and use
the perturbation argument.

Lemma 2.2. (Basic Estimates for Harmonic Functions.) Suppose {a;;} is a constant
positive definite matrix with

MEP < ag&i&; < AEP? for any € € R”
for some 0 < X < A. Suppose w € H'(B,(z0)) is a weak solution of
(1) aijDijw =0 1n BT(.CII()).

Then for any 0 < p < r, there hold

[ opepse(®)" [ ipup
B, (z0) r B, (z0)

n+2
[ pw- e P e(8)T [ Dw (Du) P
B, (x0) r B,.(z0)

where ¢ = ¢(\, A).

and

Proof. Note that if w is a solution of (1) so is any of its derivatives. We may apply
Lemma 4.4 in Chapter 1 to Dw.
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Corollary 2.3. (Comparison with Harmonic Functions.) Suppose w is as in Lemma
2.2. Then for any v € H'(B,(xo)) there hold for any 0 < p <r

[ bl < { &) [ o [ - w>|2}
B,(z0) r By (z0) B,.(z0)
and

n+2
[ e @u < { ()7 [ pu- 0wl [ 0w
By (x0) r B (o) By (z0)

where ¢ is a positive constant depending only on A\ and A.

Proof. We prove it by direct computation. In fact with v = u — w we have for any
O<p<r

/ |Dul? < 2/ | Dw|? —|—2/ | Du|?
B, (x0) By (o) By (o)
< (f_)) / | Dw|? +2/ |Dvl?
r Br(CCQ) Br(.'ro)
o) [ e ()], oo
r B (o) r B (o)
and
| pu- D <2 Du- Doz Do
B, (z0) B, (z0) B, (z0)
§4/ \Dw — (Dw)%,pyuﬁ/ | Duf?
B, (o) B, (zo)
n+2
(%) / |Dw — (Dw)xo,T\2+6/ Dol
r B,-(0) Bi-(z0)

n+2 n+42
(?) / Dt — (Du)ay % + {1 +(9) } / | Dol?.
r B (z0) r By (z0)

Remark. The regularity of u depends on how close u is to w, the solution to the constant

IN

IA

coefficient equation.

We now prove the Theorem 2.1.

Proof of Theorem 2.1. We shall decompose u into a sum v + w where w satisfies a
homogeneous equation and v has estimates in terms of nonhomogeneous terms.
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For any B,.(z¢) C By write the equation in the following form
/B aij(zo)DiuDjp = /B fo —cup + (aij(zo) — aij(z))DiuDjp.
! 1
In B, (xg) the Dirichlet problem
/B ( )aij(xo)Diijgo =0 forany ¢ € Hé(Br(xo))
r(xo

has a unique solution with w with w —u € H}(B,(xq)). Obviously the function v =
u—w € Hi(B,(x0)) satisfies the equation

/B ( )aij (ZL‘())DI'UDJ'(,D = /B (o0) ng—CU(P + ((ll'j (5130) — CL”(.’E))DZ’U/DJQO
r(Zo r(Zo
for any o € Hg(B,(20)).

By taking the test function ¢ = v we obtain

2

/ \Dv|2§c{72(r)/ Dul? + / | / w2
B, (z0) B (z0) By (zo) B (z0)

n+4+2

¥ </BT(%) |frf+”2> )

n—2
/ v < c(n) / | Du|?
Br(mO) B'I"("L‘O)

for v € H}(B,(z0)). Therefore Corollary 2.3 implies for any 0 < p < r

/ |Du|? < c{ [ (£>n + 7'2(7“)] / | Dul?
B, (z0) r B..(x0)

(1) 2 n+2

() [ (i }
By (zo0) By (o) By (zo0)

where c is a positive constant depending only on A and A. By Holder inequality there
holds

where we used the Sobolev’s inequality

[

n+2 2

/ I s/ flo| oz
B, (z0) B (z0)
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where « =2 —n/q € (0,1) if n/2 < ¢ < n. Hence (1) implies for any B, (z¢) C By and
any 0 <p<r

DUQSC{ £”+72T / Dul? 4 =242 7|12,
[, perseq[(8) wre] [ o 17130,

+ / ‘C’ ' / UQ}.
BT(ZCQ) Br(mo)
Case 1. C = O

We have for any B, (z¢) C By and for any 0 < p <r

p n n— (0%
/ |Du|2 <C { { (—) + 72(7»)} / ]Du’2 4242 HfH2L4(B1)} .
B,(z0) r B (o)

Now the result would follow if in the above inequality we could write p?~2+2¢ instead

of r»=2%2a  This is in fact true and is stated in the Lemma 1.4. By Lemma 1.4, there
exists an Ry > 0 such that for any zg € B% and any 0 < p < r < Ry we have

Dur<cd(P) Duf? + o2 £|2
ul® < u P La(By) (-
By (o) r By (z0)

In particular, taking r = Ry yields for any p < Ry

/ |D'U,|2 < Cpn—2+2a {/ ’DUF + Hf”%q(Bl)} .
BP(ZE()) B

Case 2. General case. We have for any B,.(xg) C By and any 0 < p <r

(2) / |Du|2 < C [([_))n +T2(T)i| / \Du\Q +Tn_2+2aX(F) _,_/ u2
Bp(xO) r B, (x0) B, (z0)

where X (F) = [ fl|74(5,)- We will prove for any o € By s and any 0 < p <1 < 1/2

N (GRS
e [X(F) +/Bl u? +/B1 \Duﬁ] }
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We need a bootstrap argument. First by Lemma 1.3, there exists an R; € (1/2,1)
such that there holds for any zg € Br, and any 0 <r <1 — R;

(4) / u? < Cr’ {/ | Du)? +/ u2}
B(z0) B, By

where §; = 2 if n > 2 and ¢; is arbitrary in (0,2) if n = 2. This, with (2), yields

[t [(8) 4] [ DuP s E) e, |
B, (o) r B, (o)

Then (3) holds in the following cases:

(i) n = 2, by choosing d; = 2¢;

(ii) n > 2 while n — 2 4+ 2a < 2, by choosing §; = 2.
For n > 2 and n — 2 + 2a > 2, we have

/Bpm,) Duf’ < { (7)) +70)] /B oy 1P AT + ||u||%p(31>]} .

Lemma 1.4 again yields for any x¢p € Br, and any 0 <r <1 — R;

[ up < 0 (xR + luli s}
B, (zo)

Hence by Lemma 1.3, there exists an Ry € (1/2, R1) such that there holds for any
IE()GBRz andany0<r§R1—R2

(5) / u? < Cro2 {X(F) + ||UH%{1(81)}
B.-(z0)

where 6 = 4 if n > 4 and 02 is arbitrary in (2,n) if n = 3 or 4. Notice (5) is an
improvement compared with (4). Substitute (5) in (2) and continue the process. After
finite steps, we get (3).

This finishes the proof.

§3. Holder Continuity of Gradients

In this section we will prove Holder regularity for gradients of Solutions. We follow
the same idea used to prove Theorem 2.1.
Suppose a;; € L*°(B) is uniformly elliptic in B; = B1(0), i.e.,

MEP? < ai(2)€:65 < AEJ?, for any o € By, € € R™
We assume that u € H!(B,) satisfies

(%) / ai;DiuDjo + cup = / fo for any ¢ € Hy(By).
Bl Bl

The main theorems we will prove are the following Holder estimates for gradients.
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Theorem 3.1. Let u € H'(By) solve (). Assume a;; € C*(B1), ¢ € LY(By) and
f € LYBy) for some ¢ >n and o« =1—n/q € (0,1). Then Du € C*(By). Moreover,
there exists an Ro = Ro(A, |aij|ce, |c|pa) such that for any x € By and r < Ro there
holds

o) [Du = (Du)e | < Cr 2 {|| fl12a s,y + lullF s, }

where C = C (A, |aij|ce, |c|ra) is a positive constant.

Proof. We shall decompose u into a sum v+w where w satisfies a homogeneous equation
and v has estimates in terms of nonhomogeneous terms.
For any B,(z) C B; write the equation in the following form

/ Clz'j (.CEQ)DZUDJQD = ng — Cup + (aij (.%’0) — Clij (:C))Dzungp
Bl Bl

In B, (z¢) the Dirichlet problem
/ aij(zo)DiwD;jp =0 for any ¢ € H}(B,(x0))
Bi.(wo)

has a unique solution w with w —u € H}(B,(zo)). Obviously the function v = u—w €
H} (B, (g)) satisfies the equation

/ aij(zo) DivDjp = / fo—cup + (aij(zo) — aij(x))DiuDjp
Br(xO) BT(ZCQ)
for any ¢ € Hy (B, (0)).

By taking the test function ¢ = v we obtain

[V

/ |Dv|? < 6{7'2(7’)/ | Du|? + / le|™ / u?
B (z0) B (x0) By.(z0) B, (o)

n+2

" </Br(ac0)|f’m> n }

Therefore Corollary 2.3 implies for any 0 < p <r

/ Duf? < c{ [ (2)"+ TQ(T)} / Du?
Bp(ﬁo) r Br(xO)

(1) 2 22
+ / | / u? + / |f|752 }
B, (x0) B, (z0) B, (z0)
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and

n+2
[ et (2)7 [ b u, P
B, (z0) r B, (z0)
(2) 2 n42

wrt) [ pap ([ ) [ ([ )
BT(ZUO) B'r(xO) B'r(mO) BT(:L.O)

where ¢ is a positive constant depending only on A and A.
By Holder inequality we have for any B,.(z¢) C By

n+2

n+2 2
o) s ([ ) e
BT(LK()) Br(mo)

J AN e N
BT(:I?()) Br(mo)
with « =1 —n/q.

Case 1. a;; = const., c = 0.

and

In this case 7(r) = 0. Hence by estimate (2) there holds for any B,.(xqg) C B; and
O0<p<r,

p n+2 n o
[ 1pu=@ua, < e{ (8 [ iDu Du P B |
By (o) By (x0)

By Lemma 1.4, we may replace 712 by p" 2% to get the result.
Case 2. ¢ =0.

By (1) and (2), we have for any B,(z¢) C By and any p < r

P\" 2a 2 n+2a | £112
@ [ e [(O) ] [ DR,
By (o) KT) ] Bi(z0) LB

n+2
[ e wu e (8 [ pu Du P
B, (z0) r B, (z0)

4)
v | |Du|2+r”+2a||f||iq(31>}.
By (zo)
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We need to estimate the integral

/ | Dul?.
BT(:IJ())
Write x(F) = ||f||%q(31)-

Take small § > 0. Then (3) implies

/Bp(:vo) |Dul? < C { [(é)n + 7“20[} /Br(xo) |Du|* + T”_2‘Sx(F)} :

Hence Lemma 1.4 implies the existence of an R; € (3/4,1) with r; = 1 — R; such that
for any x¢p € Br, and any 0 < r < r; there holds

) [ iDup <o )+ 1Dulag, )
Br($0)
Therefore by substituting (5) in (4) we obtain for any 0 < p < r < rq
2 P\ T2 2
| pu- @ <cf ()7 [ pu (Dul
B, (0) r By (z0)

L pnt20-20 [X(F) + ||DUI|%2(31)} }

By Lemma 1.4 again, there holds for any x¢p € Br, and any 0 < p <r <1

D 9 p n+2a—290 9
[Du = (Du)ay pf? < €4 (£) [Du = (D), 0|
By (o) r B,

T 22 () 1 HDuH%z(Bl)]}.

With r = r; this implies that for any xg € B, and any 0 < r <1y
/B o |Du — (D), |* < Crmt2e=20 {x(F) + ||DUH%2(31>} -
r{(Zo

Hence Du € C¢7° for any ¢ > 0 small. In particular Du € L. and there holds

loc loc

(6) sup| Dul? < € {X(F) + | Dul}2s,) -

B3
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Combining (4) and (6), there holds for any zg € By and 0 <p <r <

n+2
[ e @an, <ol (5[ 1pue u, P
By (z0) r By (z0)
#2 [(F) + 1Dulag, ]
By Lemma 1.4 again, this implies
n+2a
[ e @u el (8 [ D= D,
By (zo) r Br(z0)
+ pi e [X(F) + ||DU||2L2(31)} }
Choose r = r;. We have for any xq € B% and r < ryg
[, o 1D (D 2 {(F) 4 Dol
r{Zo

Case 3. General case. By (1) and (2) we have for any B,.(z¢) C By and p < r

(7) / |Dul? < C KB) +r2a}/ |DUI2+/ u® 4+ r"TN(F) b,
B, (x0) r B (z0) By (o)

and

p n+2
[ e <ed(8)T [ 1Du- Du
B, (zo0) r B, (z0)

/ u? +/ | Dul?
B, (w0) B:(wo)
where y(F) = ”fH%q(Bl).

In (7), we may replace r"*2% by r™. As in the proof of Theorem 2.1, we may show
that for any small 6 > 0 there exists an R; € (3/4,1) such that for any x € Bg, and
r<l-—R;

(8)

T T‘Qa

Frme ()}

9) [ a0 () + ks
Br(l‘o)
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By Lemma 1.3, we also get

(10) [ <om (E) 4 ulfg )
Br.(zo)
Write

X(F.w) = [IflIZ0 + lullZ-
Then (8), (9), (10) imply that

n+2
[ ipu= @ <ed (B) [ 1Du Du (B
By (z0) r By.(z0)

Hence Lemma 1.4 and Theorem 1.1 imply that Du € C’loc‘)c_‘S for small § < a. In particular
u € CL

loc With the estimate

(11) suplu|? + sup|Dul? < Cx(F,u).
B Bs

4 4

Now (8) and (11) imply that

2 14 n+2 2 n+2a
[Du = (Du)ay,f? < €4 (2) DU = (D) + 72X (Fyu) o
By (o) r B (x0)

This finishes the proof of Theorem 3.1.

Remark. Tt is natural to ask whether f € L°°(B;), with appropriate assumptions on
a;; and ¢, implies Du € C’lloc. Consider a special case

DiuDigoz/ fo forany ¢ € H}(B).
B1 Bl

There exists an example showing that f € C' and u € C’llo’? for any a € (0,1) while
D?u ¢ C.

Ezample. In the n-dimensional ball B = Bg(0) of radius R < 1 consider

A — 3 — 2?2 n+ 2 n 1
2/z[> | (=log|z[)!/? = 2(—log |z[)*/?

where the right side is continuous in By if we set it equal to zero at the origin. The
function u(z) = (22 — 23)(—log|z|)}/? € C(Bgr) N C>®(Bg \ {0}) satisfies the above
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equation in Bg \ {0} and the boundary condition u = v/—log R(x$ — z3) on 0Bg. But
u cannot be a classical solution of the problem since lim|;|_q D11u = oo and therefore u
is not in C?(Bg). In fact the problem has no classical solution (although it has a weak
solution). Assume on the contrary that a classical solution v exists. Then the function
w = u — v is harmonic and bounded in By \ {0}. By a theorem from harmonic function
theory on removable singularities, w may be redefined at the origin so that Aw = 0
in Br and therefore belongs to C?(Bg). In particular, the (finite) limit lim),—o D11u
exists, which is a contradiction.
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CHAPTER 4
WEAK SOLUTIONS, PART II

GUIDE

This chapter covers well-know theory of De Giorgi-Nash-Moser. We presented both
approaches of De Giorgi and Moser for the purpose that students can make comparisons
and can see the ideas involved are essentially the same.The classical paper [LSW] is
certainly very a nice material for further readings.One may also wish to compare the
results in [LSW] and [GS].

In this chapter we continue the discussion of the regularity theory for weak solutions
to elliptic equations of divergence form. We will focus on the DeGiorgi-Nash-Moser
theory.

§1. Local Boundedness

In the following three sections we will discuss the DeGiorgi-Nash-Moser theory for
linear elliptic equations. In this section we will prove the local boundedness of solutions.
In the next section we will prove Holder continuity. Then in Section 3 we will discuss
the Harnack inequality. For all results in these three sections there is no regularity
assumption of coeflicients.

The main theorem of this section is the following boundedness result.

Theorem 1.1. Suppose a;j € L*°(By) and ¢ € LI(By) for some g > n/2 satisfy the
following assumptions

aij(z)&&; > NE®, for any x € By, € R™,

and
@il + lle|lne < A

for some positive constants A\ and A. Suppose that u € HY(By) is a subsolution in the
following sense

/ aijDiuDjtp + cup < f(,D
(%) By By
for any chH&(Bl) and ¢ > 0 in By.

If f € LY(By), then ut € L{S.(By). Moreover there holds for any 6 € (0,1) and any
p>0

1
+ +
suput < Of el anan) + 1y

Typeset by ApS-TEX
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where C' = C(n, A\, A, p,q) is a positive constant.

In the following we use two approaches to prove this theorem, one by DeGiorgi and
the other by Moser.

Proof. We first prove for § = 1/2 and p = 2.
Method 1. Approach by DeGiorgi.

Consider v = (u — k)* for k > 0 and ¢ € C3(By). Set ¢ = v(? as the test function.
Note v =u — k, Dv = Du a.e. in {u > k} and v = 0, Dv = 0 a.e. in {u < k}. Hence if
we substitute such defined ¢ in (x), we integrate in the set {u > k}.

By Holder inequality we have

/aijDiUDj(p:/aijDiuDjUC2+2CLUDZ'UDJ‘CU<
> A/]DUP@—QA/]DUHqug
A 2A2
> D 2,2 = D 2 2‘
Hence we obtain

JZRS gc{ [ene+ [1ee v [l | |f|v<2}

from which the estimate
[1p60P < c{ [k + [+ [1ace+ | mv@}
follows.

Recall the Sobolev inequality for v¢ € Hg(B1)

(/ 1<vc>2*) 2

where 2* = 2n/(n — 2) for n > 2 and 2* > 2 is arbitrary if n = 2. Holder inequality
implies that with § > 0 small and ¢ <1

i< (1) ([ e |

< el ([ 1060F) e # 0yt

[V

< ¢(n) /B D(w0)P

1

2) [{o¢ # 0}

S5/|D(UO|2+C(n,§)||f||%q|{vc#OHH—%—;
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Note 1 + % — % >1 - % if ¢ > n/2. Therefore we have the following estimate

/ID(UC)P SC{/U2|DC’2+/|C|UQCQ+k2/|c|C2+F2|{vC7é0}|1_tlz}

where F' = || f||o(B,)-
We claim that there holds

. JALESEE C{/U2\DC\2+(k2+F2)!{vC7§O}\1_‘1¥}

if [{v¢ # 0} is small.
It is obvious if ¢ = 0. In fact in this special case there is no restriction on the set
{v¢ # 0}. In general, Holder inequality implies that

e < ([ |c|q)‘1’ (/wcf*); {u¢ £ OH1F 4
Sc(n)/|D(vC)|2 (/!c|‘I>; [{v¢ #£ 0} 7,

Jile < ([ 1) lwe 2 oy,
Therefore we have

/’D(’“C)‘z < C{/UQ\D<I2+/\D(UC)FI{UC#O}IZ3

and

+ (k2 + F?)|{v¢ # o}|1—é}.

This implies (1) if |[{v¢ # 0}] is small.
To continue we obtain by Sobolev inequality

Jwor < (/(vof);* [{o¢ # 0}
< e(n) [ ID@OI{¢ #0317

Therefore we have
/(”4)2 < C{ /UQIDC\QHUC £ 0}|% + (k+ F)2[{v¢ # 0}|1+3—é}
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if [{v¢ # 0}] is small. Hence there exists an € > 0 such that

/(“<>2 =< C{ /v2|D<|2|{vC £ 0}° + (k + F)?|{v¢ # 0}|1+6}

if [{v¢ # 0} is small. Choose the cut-off function in the following way. For any fixed
0 <r < R <1 choose ( € C§°(Bgr) such that ( = 1 in B, and 0 < ¢ < 1 and
D¢ < 2(R—7r)"1in By. Set

A(k,r) ={z € Byju > k}.

We conclude that for any 0 <r < R <1 and k > 0
1
@ [ w-wrso{ginlawnr [ ek e pRAG R
Ak, (R—r) A(k,R)

if |[A(k, R)| is small. Note

1 T ST

|A(k, R)| < — ut < lut| e
k Jak,r) k

Hence (2) holds if k > ko = C||lu™ |2 for some large C' depending only on A and A.
Next we would show that there exists some k = C(kg + F') such that

/ (u—k)*>=0.
A(k,1/2)

To continue we take any h > k > kg and any 0 < r < 1. It is obvious that
A(k,r) D A(h,r). Hence we have

[owewrs [ ey
A(h,r) A(k,r)

1 2
(A(h, )| = By A {u—k > h— kY| < m/A(km)(u—k) |

Therefore by (2) we have for any h > k > kpand 1/2<r< R<1

and

2 ; U — 2 2 c
/A(hm)(“_m SC{(R_T)2 /A(h’R)( h)>+ (h+F) |A(h,R)|}\A(h,R)\

= O{ (R i r)? - ((};Ltllj))j } (h —1l<:)26 (/A(k,R) (= k)Z) -
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or

1 h+ F 1
_ p)T _ 1\t te
® -y < g+ b N 9,
Now we carry out the iteration. Set ¢(k,r) = |[(u — k)¥| 12(p,). For 7 =1/2 and some

k > 0 to be determined, define for / =0,1,2,--- ,

1
k‘g:ko—l-k(l—z—) (Sko—i-k)

1
Ty =T + ?(1 — T)
Obviously we have
k 1
ke —ke-r=o5 reer—re= (=),
Therefore we have for £ =0,1,2, - --
20 2%ko+ F+k)| 27
k < - k, B 1+¢
o( e,w)_C’{l_TnL ? }ks [o(ke—1,70-1)]
C ko+F+Ek . .
< e 2 ke e )

Next we prove inductively for any £ =0,1,---

go(k:o, TO)

(4) ke, ) < .

for some v >1

if k is sufficiently large. Obviously it is true for £ = 0. Suppose true for £ — 1. We write

1+
14¢ @(ko,?"o) o @(k()??no)e Qp(k077‘0)
[p(ke—1,re-1)]'7 < {W} = =t A

Then we obtain

Cy'*e ko +F+k . 200+ (Ko, o)

o(ke,me) < RE (Ko, o))" - ”z

1—7

Choose 7 first such that 4 = 217¢. Note v > 1. Next, we need

C’yl+€ ) ((p(kﬁo,’l“o))a ) ko +F+k

< 1.
1—17 k

2 S
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Therefore we choose
l{? = C*{ko —|— F —|— (p(k?o,?“o)}

for C, large. Let £ — 400 in (4). We conclude
o(ko + k,7) =0.

Hence we have
supu’ < (Cy + 1) {ko + F + p(ko,70)}.

B,

2

Recall kg = C||ut||2(p,) and ¢(ko,70) < ||u™| 12(p,)- This finishes the proof.

Next we give the second proof of Theorem 1.1.

Method 2. Approach by Moser. First we explain the idea. By choosing test
function appropriately, we will estimate LP! norm of u in a smaller ball by LP2 norm of
u for p; > po in a larger ball, i.e.,

ullLes (B,,) < CllullLra(s,,)

for p1 > po and r; < ro. This is a reversed Holder inequality. As a sacrifice C' behaves
like T;Tl . By iteration and careful choice of {r;} and {p;}, we will obtain the result.
U ifu<m
For some k > 0 and m > 0, set & = u™ + k and u,, = . . Then
k+m ifu>m
we have D, =0 in {u < 0} and {u > m} and 4,, < u. Set the test function

= n*(upyu—k"*") € Hy(B1)
for some 8 > 0 and some nonnegative function n € C3(B;). Direct calculation yields

Dy = Bn*u’ 1 Dy, u + n*al D + 2nDn(a? a — kP
= 112, (8D, + D) + 2nDn(al,a — k).

We should emphasize that later on we will begin the iteration with 3 = 0. Note ¢ =0
and Dy = 0 in {u < 0}. Hence if we substitute such ¢ in the equation we integrate in
the set {u > 0}. Note also that u* < @ and @ u — kPt < @?u for k > 0. First we
have by Holder inequality

/aijDiungo = /aiij(ﬁDjﬂm + Djﬂ)??%jfn + Q/GijDiﬂDjn(ﬂglﬂ — kﬁ+1)77
> 23 / 7Pl | Dt 2 + A / 72l | Daf® — A / \Dal| Dnlal. an
A 2A2
> [ wPud Danf + 5 [tadival - 25 [ 1Dged e
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Hence we obtain by noting u > k
8 [ wPutDanf? + [ ud Dl

gc{ 1oz + [ (clasa + if\nzu%u}

sc{ [ ipapaa+ [ conQafnaZ},

where ¢q is defined as

11
o
Choose k = || f||rs if f is not identically zero. Otherwise choose arbitrary & > 0 and

co = le| +

eventually let k& — 04. By assumption we have

leollze < A+ 1.

Sw\m
|

. Note

Sl

Set w =
|Dw|* < (14 B){Bul,| D |* + ul, | Dul?}.

Therefore we have

[ 1Dul < c{uw) [urpal+ ) [ cOw2n2},

or

[ 1Dt < c{aw) [wrpnp+a+s) | cOanQ}.

Holder inequality implies

Jut=(Ja) (Jomr=) o (fimr)

By interpolation inequality and Sobolev inequality with 2* = 22 > % > 2if ¢ > n/2,

n—2

Q=

we have

lmoll | 2a < ellmwllzz + Cln,q)e™ 7 ]| 2

< | D(qw)|| = + C(n, q)e ™ =7 |nuw|| 2
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for any small € > 0. Therefore we obtain

[ 1y < c{<1 +0) [ Wi+ 0+ s [ w2n2}
and in particular
[1Dwn)P < e+ ) [(DaP iy

where o in a positive number depending only on n and ¢. Sobolev inequality then
implies

( / |nw|2><) Yo o+ oy

where x = -5 > 1 for n > 2 and x > 2 for n = 2. Choose the cut-off function as
follows. For any 0 < r < R < 1 set n € C}(Bgr) with the property

=1 B, and |Dn|< .
n in an ]n]_R_r

() < el f o

Recalling the definition of w, we have

R N R L
([ ) < o= [, o

Set v = 8+ 2 > 2. Then we obtain

provided the integral in the right hand side is bounded. By letting m — 400 we
conclude that

Then we obtain

_ Y=D*\"
ol < (Cr =)l

provided |||z~ (By) < +00, where C' = C(n, g, A, A) is a positive constant independent
of «v. The above estimate suggests that we iterate, beginning with v = 2, as 2, 2x, 2x?,
---. Now set for i =0,1,2,---,

1 1

v =2x" and ri:§+2i+1'
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By v = xvi—1 and r;_1 —r; = 1/2°7! we have for i = 1,2, -,

lll v (5,,) < Cln,q, X, A) %

/ITLHLVifl(BTiil)

provided |[@[|vi-1(p, ) < +oo. Hence by iteration we obtain

7

1@l i By, < CF ¥ ||l 2 sy

in particular

Letting ¢ — +o00 we get

or
sl;lp ut < C{HuJFHLz(Bl) + k}.
%

Recall the definition of k. This finishes the proof for p = 2.

Remark. If the subsolution u is bounded, we may simply take the test function
p=n*(@ — k") € Hy(By)

for some 3 > 0 and some nonnegative function n € C}(By).

Next we discuss the general case of Theorem 1.1. This is based on a dilation argument.
Take any R < 1. Define

u(y) = u(Ry) for y € By.
It is easy to see that @ satisfies the following equation
/ ai; DiuDjp-+cip < / fo
Bl Bl
for any o € Hi(B;) and ¢ > 0 in B,

where

a(y) = a(Ry), &(y) = R*c(Ry)
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and )
f(y) = R*f(Ry)

for any y € By. Direct calculation shows

|ij| Lo (By) + €l La(mr) = laijli=(Br) + B*7 9 el nasn) < A

We may apply what we just proved to @ in By and rewrite the result in terms of wu.
Hence we obtain for p > 2

1

suput < C{Rn/p

Br
2

lut o) + B2 fllLan) )

where C' = C(n, A\, A, p, q) is a positive constant.

The estimate in Byg can be obtained by applying the above result to B(_g)r(y) for
any y € Bgr. Take R = 1. This is the Theorem 1.1 for any 6 € (0,1) and p > 2.

Now we prove the statement for p € (0,2). We showed that for any 6 € (0,1) and
0 < R <1 there holds

1 _n
¥ = < O o) + B oo

(1 - 6)R]

1
<C 1 o + 2 q .
- {[(1 " 9)R]? lu™z2(mr) + £l <Bl>}

For p € (0,2) we have

2
[ @ <t i, [ wty
Br Br

and hence by Holder inequality

||u+||L°°(B9R)

1 _p p
SC{W||U+H1L002(BR) (/lgR(qu)de) + ||f||Lq(BR)}

1 1 »
<3 o+ i (L 67)” + Wlaecon }-

Set f(t) = [[uT||L~(p,) for t € (0,1]. Then for any 0 <7 < R <1

C
f(R) + WHUJFHLP(BH + Cl fllLa(By)-

N =

f(r) <
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We apply the following lemma to get for any 0 <r < R < 1

C
f(r) < ———lu™ || Loy + ClfllLa(my)-
(R—r)»

Let R — 1—. We obtain for any § < 1

||u+||L°°(Be) < 2 |’U+\|LP(Bl) + CHfHL‘?(Bl)'

(1-9)

We need the following simple lemma.

Lemma 1.2. Let f(t) > 0 be bounded in [ro, 1] with 19 > 0. Suppose for o <t < s <
T1 we have

A
f(t)§9f(3)+m+3

for some 0 € [0,1). Then for any 19 <t < s < 11 there holds

f(t) < c(a,@){ A +B}.

(s =t)*

Proof. Fix 19 <t < s < 1;. For some 0 < 7 < 1 we consider the sequence {t;} defined
by
to=tand t;ir 1 =t; + (1 —7)7'(s — t).

Note t, = s. By iteration

k—1
A o
) = 1(00) < 6 7(0) + | s =0 B Yo
i=0
Choose 7 < 1 such that 77 < 1,1ie., 0 < 7* < 1. As k — oo we have

F(t) < cla, 0) {ﬁ(s T4 B} .

In the rest of this section we use Moser’s iteration to prove a high integrability result,
which is closely related to Theorem 1.1. For the next result we require n > 3.
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Theorem 1.3. Suppose a;; € L>(By) and c € L™/?(By) satisfy the following assump-
tion

)\\5\2 < a;j(x)&& < A]f]z, for any x € By,£ € R"

for some positive constants X\ and A. Suppose that u € HY(By) is a subsolution in the
following sense

/ ai; DiuDjp + cup < fo
Bl Bl
for any goGH&(Bl) and ¢ > 0 in By.

If f € LYBy) for some q € [n+2, L), then ut € L]

loc(Bl) for qi* = % — 2. Moreover
there holds

¥y < Ol laagany + s |

where C' = C(n,\, A, q,e(K)) is a positive constant with

0= (/{c|>K} “ )

u ifu<m .
Proof. For m > 0, set & = u™ and i, = . Then set the test function

3

m ifu>m
Y= 77271?1@ € Hé(Bl)

for some 3 > 0 and some nonnegative function n € C}(B;). By similar calculations as
in the proof of Theorem 1.1 we conclude

(/n2xu§nxu2><)x §0(1+ﬁ){/!Dn!2ufnu2+/\C!n iy u2+/!f\772u5 }

where x = =5 > 1. Holder inequality implies for any K > 0

/\clnzufnuz <K 772u’8 2+/ ]6\772 0’ i
{le|<K} {le|>K}

2 n—2
< formate ([, 0) (forsian=)
c|>
<K/ 2 — ﬁ 2 )(/772X/a,rﬁnxﬂ2x)x
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Note e(K) — 0 as K — +oo since ¢ € L™/?(B;). Hence for bounded 3 we obtain by
choosing large K = K (3)

( / n2><u£5<u2><) Yoo+ m{ [apop i+ [ 1f\n2u%u}.

— L 8 B+1
b, PR glttE = (a? u?) 7z,

Observe

N
VAN

i,

Therefore by Holder inequality again we have for n <1

1 _B+1
q (B+2)x
/|f’7]21—t7€lﬂ§ </’f|q) </(7)2"L_Lglﬂ2)x) |supp 7]|1_%_(6ﬁ%1)x
1 B+2
I =x~08x | q
<< [reaan) vcem( [im) "

provided
] 1 6+1
g (B+2)x —
which is equivalent to
-2
B+2< M
n — 2q

Hence S is required to be bounded, depending only on n and ¢q. Then we obtain

([rvaa) < of fapu+ o + 151557

By setting v = 3 4 2, we have by definition of ¢*

(1) 2§’Y§M:£~

n — 2q X

We conclude, as before, for any such v in (1) and any 0 < r < R <1

B 1 _
@) il s,y < C{WHUHM(BR) i ||f||Lq<Bl>}
—

provided [|@| 1+ (p,) < +0oo. Again this suggests the iteration 2,2y, 2x?,---.
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For given g € [HQ—]:Q, %), there exists a positive integer £ such that

q(n —2)
n—2q

k

2xF 1 < < 2x*.

Hence for such k we get by finitely many iterations of (2)

81208 < C{ Naliacmy + s |
4

in particular

u a* <C u 2 -+ q .
il ) < O lmy + Wl |

While with v = % in (2) we obtain

Wl 7 q* < C< |l 4 4 .
ol sy < Il g+l

(Bs
4

This finishes the proof.

62. Holder Continuity

We first discuss homogeneous equations with no lower order terms. Consider
Lu = —D;(a;;(x)Dju) in B1(0) C R"
where a;; € L*°(B;) satisfies
NEP? < a;j(x)&:&; < A|€|? for all z € B1(0) and &€ € R™

for some positive constants A and A.

Definition. The function uw € H}. .(B1) is called a subsolution (supersolution) of the
equation
Lu=0

if
By

for all ¢ € HY(B1) and ¢ > 0.
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Lemma 2.1. Let ® € C)>(R) be convex. Then

loc
(i) if u is a subsolution and ®" > 0, then v = ®(u) is also a subsolution provided

GRS Hlloc<B1)‘
(i) if u is a supersolution and ® < 0, then v = ®(u) is a subsolution provided

CAS Hlloc<B1)'

Remark. If u is a subsolution, then (u — k) is also a subsolution, where (u — k)T =
max{0,u — k}. In this case ®(s) = (s — k) ™.

Proof. Direct computation.
(i) Assume first ® € C?

loc

(R). Then
P'(s) > 0,9"(s) > 0.

Consider ¢ € C}(B;) with ¢ > 0. Direct calculation yields

/ aijDiijgo = / aijCI)'(u)Diungo
B1 Bl

:/ aijDiuDj(CI)’(u)gp)—/ (a;jDiuDju)e®" (u) <0,
Bl Bl

where ®'(u)p € Hi(Bj) is nonnegative. In general, set ®.(s) = p. x ®(s) with p. as
the standard mollifier. Then ®.(s) = p. * ®’'(s) > 0 and ®”(s) > 0. Hence ®.(u) is
a subsolution by what we just proved. Note ®.(s) — ®'(s) a.e. as e — 0. Hence
Lebesgue dominant covergence theorem implies the result.

(ii) Similar.

We need the following Poincaré-Sobolev inequality.

Lemma 2.2. For any ¢ > 0 there exists a C = C(e,n) such that for u € H'(By) with

{z € Bi;u=0}| > ¢ B

/ u? SC’/ | Dul?.
B1 By

Proof. Suppose not. Then there exists a sequence {u,,} C H'(Bj) such that

there holds

{x € By;uy, =0} > €| B
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/ufnzl and /|Dum|2—>0asm—>oo.
Bl Bl

Hence we may assume u,, — ug € H'(B;) strongly in L?(B;) and weakly in H!(B).
Clearly ug is a nonzero constant. So

0= lim [y, — up|? > lim |y, — uo)?
m—0o0 Bl m— 00 {umzo}

> |uo|? inf [{um, = 0}| > 0.

Contradiction.

Theorem 2.3 (Density Theorem). Suppose u is a positive supersolution in By with
{x € Bi;u > 1}| > €| By).

Then there exists a constant C depending only on €, n and A/\ such that

1
B

=N

u > C.

=

Proof. We may assume that u > 9§ > 0. Then let § — 0+.
By Lemma 2.1, v = (logu)~ is a subsolution, bounded by logd~!. Then Theorem

1.1 yields
2
supv < C (/ ]v\2> .
B% B

Note |[{z € By;v =0} = [{x € Bi;u > 1}| > €|B;1|. Lemma 2.2 implies

(1) supv < C </ \Dv[2> :
B% B

We will prove that the right-hand side is bounded. To this end, set test function as
2
P = % for ¢ € C3(Bs). Then we obtain

0 [apun, (€)= [emlabin , [ GuDeb

u

which implies

[ ptogap < [ ipgP
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So for fixed ¢ € C}(Bz) with ( =1 in B; we have
/ |Dlogul? < C.
B,

Combining with (1) we obtain

sup v = sup (logu)™ < C
B B
2 2

which gives
c

o

in > 0.

u>e
B

N

Theorem 2.4 (Oscillation Theorem). Suppose that u is a bounded solution of Lu =
0 in By. Then there exists a v =v(n,%) € (0,1) such that

osc u < 7y 0s8C U.
B B

[N

Proof. In fact, local boundedness is proved in the previous section. Set

ap =supu  and ;= infu.
B B

Consider the solution
u— [ ap —u
or )
ar — B ar — A

Note the following equivalence

1 u—ﬂl 1

> = = =
U_2(Oé1+[31) a1 — B = 2
<1( +ﬁ)(:>0¢1—u>1
u< —(a —.
< 5l 1 o —p 2

Case 1. Suppose that

2(U—ﬂ1> 1
€ By ——=>1} > -|B1|.
[ € Bu =50 2 1) 2 51B]

Apply the above theorem to ;1__%1 > 0 in B1. We have for some C > 1

— 1
infu b > —,
B%Oél—/@l C
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which results in the following estimate

. 1
glfu > 1+ 5(041 — 1)

2

Case 2. Suppose
2(aq — u)

€ By;
’{LE 15 o —

1
> 1}] = 2Bl

Similarly we obtain

1
supu < aq — E(al — B1).
"

Now set

as =supu  and [y = infu.
B

B, 1
b3 2

Note (B > (1, as < a1. In both cases, we have
1
ag — B2 < (1-— 6)(041 — ).

DeGiorgi theorem is an easy consequence of the above results.
Theorem 2.5 (DeGiorgi). Suppose Lu = 0 weakly in By. Then there holds

suplu(z)| + sup A2 ZUW)l

B z,yeB1 |CC _y|a
2 2

A
< C(TL, X)HU’HL2(31)

with o = a(n, &) € (0,1).

In the rest of the section we will discuss the Holder continuity of solutions to general
linear equations. We need the following lemma.

Lemma 2.6. Suppose that a;; € L>°(B,) satisfies
MEP? < aij(n)&& < AE)? for any x € B,., € € R"
for some 0 < X < A < 4o00. Suppose u € H'(B,.) satisfies
/B ai;DiuD;o =0  for any ¢ € Hy(B,).
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Then there exists an a € (0,1) such that for any p < r there holds

n—24+2«a
[ <c (87 [ o
B, r B,

where C' and « depend only on n and A/\.

Proof. By dilation, consider » = 1. We restrict our consideration to the range p € (O, ﬂ ,
since it is trivial for p € (%, 1]. We may further assume that [ p, W= 0 since the function
u—|B|7t [ 5, U solves the same equation. Poincaré inequality yields

/ u2§c(n)/ | Dul?.
B1 Bl

Hence Theorem 2.5 implies for |z| < 1/2
uw) ~ u(0)* < Clap™ [ Duf
B;

where o € (0,1) is determined in Theorem 2.5. For any 0 < p < 1/4 take a cut-off
function ¢ € C§°(Bs,) with ¢ = 1in B, and 0 < p < 1 and |D¢| < 2/p. Then set
© = ¢%(u — u(0)). Hence the equation yields

0:/ aijDiu (CszU+2CDjC(U_U(O)))
By

A
>2 [ @Duf — Csup [u— u(0)? /B D¢,

2 B2p BQP 2p

Therefore we have
[ 1DuP < 62 sulu - u(o)P
B

P 2p

The conclusion follows easily.

Now we may prove the following result in the same way we proved Theorem 2.1 in
Chapter 3, with Lemma 2.2 in Chpater 3 replaced by Lemma 2.6.

Theorem 2.7. Assume a;; € L>(By) and c € L"(By) satisfies
NéP < aij(2)6&; < A€, for any x € By, £ € R”

for some 0 < X < A < +o00. Suppose that u € H'(By) satisfies
/ a;jDjuDip + cup = fo  forany ¢ € H&(Bl).
B, B
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If f € LY(By) for some ¢ > n/2, then u € C*(By) for some a = a(n,q, \, A, ||c||zn) €
(0,1). Moreover, there exists Ry = Ro(q, A A, |[cl[zn) such that for any x € By and
r < Rq there holds

/ LI Cr"—“m{ufniq(&) ; HuH%p(Bl)}

where C' = C(n,q,\,\, ||c||L~) is a positive constant.

63. Moser’s Harnack Inequality

In this section we only discuss equations without lower order terms. Suppose 2 is a
domain in R”. We always assume that a;; € L>(€2) satisfies

ME? < aij(2)&:& < AJ€J)? for all z € Q and € € R™

for some positive constants A and A.

Theorem 3.1 (Local Boundedness). Let u € H'(Q) be a nonnegative subsolution
in ) in the following sense

/ a;;DiuDjp < / fo  for any ¢ € Hy(Q) and ¢ >0 in Q.
Q Q

Suppose f € L1(Q) for some ¢ > n/2. Then there holds for any Bg C Q, any0 <r < R
and any p > 0

supu < C{

r

1 _n
(R— T)n/p ||u+HLP(BR) +R*" 4 Hf”Lq(BR)}

where C' = C(n,\, A, p,q) is a positive constant.
Proof. This is a special case of Theorem 1.1 in the dilated version.

Theorem 3.2 (Weak Harnack Inequality). Let u € H'(Q) be a nonnegative super-
solution in ) in the following sense

(%) / a;;DiuDjp > / fo  for any ¢ € Hy(Q) and ¢ > 0 in Q.
Q Q

Suppose f € L1(Q) for some q > n/2. Then for any Br C Q there holds for any
O<p<n/(n—2)and any 0 <O <7<1

n 1
inf u+ R* | fllLan > C —/ P
it et B i = € (55 [ )
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where C depends only on n,p,q, A\, \,0 and 7.

Proof. We prove for R = 1.

Step I. We prove that the result holds for some py > 0.

Set 4 = u+ k > 0 for some k£ > 0 to be determined and v = %~!. First we will derive
the equation for v. For any ¢ € H}(Bj) with ¢ > 0 in B; consider @2y as the test
function in (x). We have

Djp _ P ¥
Diu—t — 2 DjuD,u— > x.
/Bl Tt u? /Bl T Ju,&g B By f,&Q

Note D@ = Du and Dv = —u2Du. Therefore we obtain
/ ai;;DjvDip + fop <0
B1

where we set

f

ﬂ.

In other words v is a nonnegative subsolution to some homogeneous equation. Choose

k = ||f|lre if f is not identical zero. Otherwise choose arbitrary & > 0 and then let
k — 04. Note

1Fllzoceyy < 1.

Thus Theorem 1.1 implies that for any 7 € (,1) and any p > 0

ie.,

infazC(/ a—de) ’

By B-

off, =) ()"
B, B, B,

where C' = C(n,q,p,\, A, 7,0) > 0.
The key point is to show that there exists a py > 0 such that

/ uPo / aP* < C(n,q,\, A, 1).
B, B,
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We will show that for any 7 < 1 there holds
(1) / ePolvl < C(n,q, N\, A, 7)
B’T

where w = log@ — 8 with 8 = |B,|~" [ loga.
We have two methods:
(i) Prove directly.
(ii) Prove that w € BMO, i.e., for any B, (y) C B1(0)

1

— |w — wy ,lde < C.

7/:77, ’

Then (1) follows from Theorem 1.5 in Chapter 3 (John-Nirenberg Lemma).
We shall prove (1) directly first. Recall u = u + k > k > 0. Note that

2 n
epo|w| -1 _|_p0‘w| + (pogfl) 4ot (pOIU‘)l)
. n.

[ 1w
B,
for each positive integer (.

We first derive the equation for w. Consider @ 1y as test function in (). Here we
need ¢ € L>°(B1) N Hi(B1) with ¢ > 0. By direct calculation as before and by the fact
Dw = u~ ' Du, we have

/ a;jDiwDjwe S/ aijDﬂUDjSO-i-/ (—fe)
(2) Bl Bl Bl

for any o € L>(B1) N H}(By) with ¢ > 0.

4+

Hence we need to estimate

Replace ¢ by ¢? in (2). Hélder inequality implies

/ |Dw12¢2sc{ / Dyf? + / If!soz}-
B By B:

By Holder inequality and Sobelev inequality we obtain

/B 162 < 1o 0] 2ansonsr < c(n, @)l Dell2s.
1
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Therefore we have

(3) / Dwl? < C / Dy’
B1

B

with C' = C(n,q,\,A) > 0. Take ¢ € C}(B;) with ¢ =1 in B,. Then we obtain
(4) [ 1Dup < Cnax a0,

B,
Hence Poincaré inequality implies

/ w? < cfn,7) / Dwl? < Cln,q, M A, 7)
B, B

Ps

since [ p, w = 0. Further more, we conclude from (3)

o) | w<cmannn)
B,
for any 7’ € (7,1).
Next we will estimate [, |w|? for any 3 > 2.
-m w<-—-m
Choose ¢ = (|lw,,|*? € H}(B1)NL>(B;) with w,, = ¢ w |lw| < m . Substitute

m w>m
such ¢ in (2) to get

/ ¢*lwm|* ai; DywDjw S(Qﬁ)/ ¢%ai; DiwD;j|wy ||wy, [*7
B B1
n / 2w PP ag; DiwD;C + / I3 w27
Bl Bl

Note aijDiij|wm\ = aijDimej\wm] S aijDimejwm a.e. in Bl. YOIHIg’S inequal—
ity implies

28—1 26 -1 243 i 2p
@B < = + 55(26)
= (1= 55)lwm P + (287
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Hence we obtain

1

(2|wm|2ﬁaijDiijw S (1 — %) CQ\wmlzﬁaijDimejwm
Bl Bl
+(26)* CgaijDimejmer/ 2§|wm125aijDiij§+/ |F1¢2 [wnm
B1 B1 B4

and hence
C?wm|*ai; DywDjw <(28)%° Ca;j Diwy, Djwyy,
B1 Bl

+(A48) | Cwml*PaygDiwD;¢+28 | | fIC wm]*.
B1 Bl

Therefore we obtain

<2|wm|2ﬁ|Dw|2§c{<2ﬁ>% Dwnl? + 8 | Clwml?|DullDC]

Bq By B,

g |f|<21wm|2ﬁ}.
By

Note the first term in the right side is bounded in (4). Applying Cauchy inequality to
the second term in the right side we conclude

<2|wm|2ﬁer|2§c{<2ﬂ>2ﬂ CDwnl? + 5 [ funl??|D¢P

B4 By B,

5 [ 176 .
B
Note Dw = Dw,, for |w| < m and Dw,, =0 for |w| > m. Hence we have

Clum | Dwnl? < C{28)% [ @Dw,l + 82 / w28 DCP?
Bl Bl Bl

+8 [ 1F1¢C wm] Y.
By

In the following, we write w = w,, and then let m — 4o00. By Young’s inequality we
obtain

ID(Clwl?)* < 2|DCP[wl*® + 2622 w]* 2| Dw|”

< 2DCP R + 267 Duf (o + 55%)
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and hence
/ D(Clwl)? < c{@@?ﬁ CIDwl? + 5 / D¢ ]
B1 Bl

T a |f|<2|w|2ﬂ}.
By

Holder inequality implies
2q 1_%
([ @) .
B,

N )
/Bl|f|< ] s(/&mq)
2

By interpolation inequality and Sobolev inequality with 2* = % > qqu > 2if g >n/2,

we have

HCIwIﬁHL;fq < el ¢lw]?[| o+ + C(n, q)e™ 77 || ¢ w] || 2

—1

< el D(¢lwl?) 2 + C(n, q)e™ =7 ¢ |w]” 2

for any small ¢ > 0. Therefore we obtain by (3)
[ oy < of s
B1 Bl

sc{m)w [ e [ <1D<r2+c2>\w|2ﬁ},

for some positive constant o depending only on n and ¢q. Apply the Sobolev inequality
for Clw|? € Wy *(R") with y = ~ to get

( / C2X|w|25X)X§Cﬂ°‘{(2B)25 [ pep [ <|D<|2+c2>|wr2ﬁ}.
B B, B,

Choose the cut-off function as follows. For 7 <r < R <1, set ( =1 on B,(0), (=0 in
B;(0) \\ Br(0) and |D¢| < 2. Therefore we have

</Br |w|25><)i < (RC_L;Q (25)2ﬁ+/BR |w|26}.

and r; = 7+ 5 (7' — 7) for any i = 1,2,---.

¢2|Duwf? + B° /

By

(D¢ + <2>|w|2ﬂ}

For some 7' € (7,1) set B; = x* 7!

Then for each ¢t =1,2,---,

x - i
' CX('L 1)@22(2 1) { . i1 / il}
2yi i—132x 2x
w < 2 + w .
(/B” |w| ) (r' = 7)2 2x") 5. |w]
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Set

Ij= Hmexj(Brjy

Then we have for j =1,2,---,
I; < O3 {2071+ 14}

with C' = C(n,q, A\, A, 7,7") > 0. Tterating the above inequality and observing that

i
> <o
im0 X
we obtain '
j
Ij < szi_l + CI(),
i=1
ie.,

Ij S CXj + CIO

Now for 3 > 2 there exists a j such that 2x?~! < 3 < 2x’. Hence

5 ‘
IB(BT) = (/B |w[ﬁ> < CIJ < CXJ +CIO
< Cﬁ‘i‘ CYIO < 0057

since Iy is bounded in (5). Hence we obtain for g > 1
/ lw|Pdx < CP 3P < CFep!
B,
where we used the Sterling formula for integer 3. Hence for integer 5 > 1

B
[ O <

by choosing py = (2Cpe)~!. This proves that

2
w
/6P0|w:/1+p0|w‘+m_i_.”

2!
1

1
§1+2—1+2—2+"‘§2~
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Remark. The above method, avoiding BM O, is elementrary in nature.

Now we give the second proof of the estimate (1). The estimate (3) gives

/B |Dw|*¢? < C ; |D¢|? for any ¢ € Cg(By).

Then for any Bs,-(y) C By choose ¢ with

SN

supp ¢ C Bar(y), ¢ =11in B.(y), |D¢| <

Then we obtain

/ |Dw|* < Cr"2.
B (y)

Hence Poincaré inequality implies

1 1 ,
"y W —wy,| < — / jw — wy,,|
r BT(Z’/) re BT(y)
1
< — r2/ |Dw]?* | <C
re B (y)

i.e., w € BMO. Then John-Nirenberg Lemma implies

/ emlel < ¢
B,

Step II. The result holds for any positive p < n/(n — 2).
We need to prove for any 0 < 73 <73 <1 and 0 < py < p1 < n/(n — 2) there holds

() <elf, )

for some C' = C(n,q,\,A,r1,72,p1,p2) > 0.
Similar calculation may be found in section 3. Here we just point out some key steps.
Take p = u~"n? for 3 € (0,1) as the test function in (). Then we have

1 1
/ |Dafa="? < C{—g/ \Dy2at=? + = mn2al—ﬂ}_
By B2 Jg, B g k
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Set y=1-—£4€(0,1) and w = az. Then we have

C
/\le2772 < W/wz(!DW +1%)
or

C
/ D) < = / W*(1Dnf? + ).

for some positive a > 0. Sobolev embedding theorem and appropriate choice of the
cut-off function imply, with x = n/n — 2, that forany 0 <r < R < 1

</B w) S
</B“) < (5 <Rir>2>i(/mm)i

This holds for any v € (0,1). Now (6) follows after finitely many iterations.

or

Now the Harnack inequality is an easy consequence of above results.

Theorem 3.3 (Moser’s Harnack Inequality). Let u € H'(Q) be a nonnegative
solution in €2

/ ai;DiuDjp = / fo  forany p € H&(Q)
Q Q

Suppose f € L1(Q) for some q > n/2. Then there holds for any Br C €2,

< i 2-3
%yu_c“{rggluﬂLR HfHLq(BR)}
2 2

where C' = C(n, \, A, q) is a positive constant.
Corollary 3.4 (Holder Continuity). Let u € H(Q) be a solution in Q

/ a;;DiuDjp = / fo  forany ¢ € H&(Q)
Q Q

Suppose f € L1(Q) for some q > n/2. Then u € C*(Q) for some a € (0,1) depending
only on n,q,\ and A. Moreover there holds for any Br C 1,

uto) = utn < () { (3 [ u) + B8 oo |

for any x,y € Bg
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where C' = C(n, A\, A\, q) is a positive constant.

Proof. We prove the estimate for R = 1. Let M(r) = max u and m(r) = min u for

™

r € (0,1). Then M(r) < 400 and m(r) > —oo. It suffices to show that

A

w(r)=M(r) —m(r) < CW{(/B u2)% + HfHLq(Bl)} for any r < %

Set § =2 — 2. Apply the Theorem 3.3 to M(r) —u = 0 in B, to get

sup(M() ~ ) < CLpt(01(r) =) +1° s, -

ie.,

r

1) M) - () < of orte) - v

! D+ 7l

Similarly, apply Harnack to u — m(r) > 0 in B, to get

@) M(g) =) < fn(G) - mlr) + 1 lecm,

Then by adding (1) and (2) together we get

o) +0(3) < ) - o)+ 1y |

or
r

w(z) < w(r) + Cr||fllLacs,)

[\

for some v = g—ﬁ < 1.

Apply Lemma 3.5 below with p chosen such that o = (1 — p)logvy/logT < pd. We
obtain

1 1
() £ Q)+ ISllagmy | Tor any p e 0.3

While Theorem 3.1 implies
1
W(E) <C u” )+ fllzasy -
B,
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Lemma 3.5. Let w and o be non-decreasing functions in an interval (0, R]. Suppose

there holds for all r < R
w(rr) < yw(r) + o(r)

for some 0 <, 7 < 1. Then for any u € (0,1) and r < R we have

r

o(r) = (Fulr) + o r )}

where C = C(v,7) and a = «fv,7,1u) are positive constants. In fact « = (1 —
p)logy/log 7.

Proof. Fix some number r; < R. Then for any r < r; we have
w(rr) <w(r) 4+ o(r)

since o is nondecreasing. We now iterate this inequality to get for any positive integer
k

w(t*r) < yPw(r) + o(rm) ' v < AYRw(R) +

For any r < r; we choose k in such a way that

k

TV'rL <r STk_lT

1-

Hence we have

w(r) < w(Ttr) <A 1w(R) +

r

1
< = (—)lesr/legT ) (RY 4 .
<) (R)+ T2

Now let r; = r*R'~*. We obtain

w(r) < (%)(1—u)(logw/log7)w(3) n

= |~

This finishes the proof.
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Corollary 3.6 (Liouville Theorem). Suppose u is a solution to a homogeneous equa-
tion in R"
/ a;jDiuDjo =0 for any ¢ € Hy(R™).

If u is bounded, then u is a constant.

Proof. We showed that there exists a v < 1 such that
w(r) < yw(2r).

By iteration we have
w(r) < AFw(2kr) = 0 as k — oo

since w(2*r) < C if u is bounded. Hence for any 7 > 0

w(r) =0.

§4. Nonlinear Equations

Up to now, we have been discussing linear equations of the following form
—Dj(aij(:(:)D,L-u) = f(.il?) in Bl.

It is natural to ask how they generalize to nonlinear equations. To answer this question,
let us consider equation for a solution v with the form

for some smooth function ® : R — R with ® # 0. Any estimates for v can be translated
to those for v. To find the equation for v, we write

u=¥(v)

with ¥ = &1, Then by setting n = ¥/(v)¢ for £ € C§°(B;) we have

/aijDiuDjf:/aij\If’(v)Diijﬁ

U’ (v
:/aijDiijn_/ \I//<(U))aijDiijvn.
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Therefore if © is a solution
/aijDiung = /f(x)§ for any € € H&(Bl)

then v satisfies

v’ (v 1 ~
/aijDiijn = / (W(v))aijDiijv + \Il’—(v)f) n for any n e C§°(B).

Note that the nonlinear term has quadratic growth in terms of Dv. Hence we may extend
the space of test functions to Hg (By) N L (By). It turns out that H*(B;) N L>(By) is

also the right space for the solution. The following example illustrates the boundedness
of solutions is essential.

Ezxample. Consider the equation
—Au = |Dul?
in the ball Br(0) in R? with R < 1. It is easy to check that u(z) = loglog|z|~! —

loglog R~! € H'(Bg(0)) is a weak solution with zero boundary data. Note that u(x) =
0 is also a solution.

In this section, we always assume a,;; € L>(B;) satisfies
MNEP < aij(2)&:€ < AJEJ? for any = € By and € € R”

for some positive constants A and A. We consider the nonlinear equation of the form

(%) /aij (x)D;uDjp = /b(a:, u, Du)y for any ¢ € Hy(B;y) N L¥(By).
We say the nonlinear term b satisfies the natural growth condition if
b(x,u,p)| < C(u)(f(x) + |p|?) for any (z,u,p) € By x R x R"

for some constant C(u) depending only on u and f € L%(B;) for some q > n2—f2 We

always assume
u€ HY(By) N L®(By).
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Lemma 4.1. Suppose u € H'(By) is a nonnegative solution of () with |u| < M in By
and that b satisfies the natural growth condition with f(x) € LY(By) for some q¢ > 3.
Then for any Br C By there holds

1
sup u < C infu+R2_Z(/ |f|q)
Bg Bg Br

where C' is a positive constant depending only on n, \, A, M and q.

Proof. Let v = 1 (e —1) for some a > 0. Then for ¢ € H(B1) N L*>®(B;) with ¢ > 0
there holds

/aijDiijwz /aijeo‘“Diuchp
= /aijDiuDj(ea“go) —a/aijea“DiuDjugo
= /b(:v,u, Du)eo‘“go—a/aijeo‘“DiuDjugo
<COn) [(7(@) +1DuP)evs — ax [ [Dupety.
Hence by taking o« large we have
(1) /aijDiijgo < C’/f(x)go for any o € Hy(By) N L>®(By) with ¢ >0,

for some positive constant C' depending only on n, A, A and M. Observe that u and v
are compatible. Therefore by Theorem 3.1 we obtain for any p > 0

sup u < C(M, a)sup v

Br Br
2 2

el f.) e (L))
ol f) e (L))

For the lower bound, we let w = é(l — e ). As before by choosing a > 0 large we
have

/aijDiijgo > C’/f(x)go for any o € Hg(By) N L>®(By) with ¢ > 0.
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Hence by Theorem 3.2, we obtain for any p € (0, —25)

n—2

1 v . 7
. D < ; 2—-7 q )
(R”/BRU> _C{Jan,2£U+R (/BRf) }

Combining the above inequalities we prove the Lemma 4.1.

Remark. In estimate (1) in the above proof, take ¢ = (u + M)n? for some n € C3(By).
Then by Holder inequality we conclude

/;Duy%? < C{ / (IDn? + !f|772)}

for some positive constant C' depending only on n, A\, A and M. This implies the interior
L?-estimate of gradient Du in terms of these constants together with || f||z1(p,). This
fact will be used in the proof of Theorem 4.3.

Corollary 4.2. Suppose u € HY(By) is a bounded solution of (*) and that b satisfies
the natural growth condition with f(x) € LY(By) for some ¢ > 5. Then u € C}} (B1)
with a = a(n, \, A, q,|u|p=). Moreover there holds

[u(e) — u(y)| < Cla —y|* for any 2,y € B,

where C'is a positive constant depending only on n, \, A, q, [u|p-~(p,) and || f| Le(B,)-

Proof. The proof is identical to that of Theorem 3.4, with Theorem 3.3 replaced by
Lemma 4.1.

Theorem 4.3. Suppose u € H'(By) is a bounded solution of (x) and that b satisfies
the natural growth condition with f € L9(By) for some q > n. Assume further that
aij € C%(B1) for a =1— 3. Then Du € Cp, (B1). Moreover there holds

|DU|C°‘(B%) < C<n> A A g, ‘U|L°°(B1), Hf”Lq(B1))‘

Proof. We only need to prove Du € Lj5.. Then the Holder continuity is implied by
Theorem 3.1 Chapter 3. For any B, (xg) C B solve for w such that

/ Qjj (.I())DZU)DJQO =0 for any ¢ € H&(BT(.I‘()))
Bi.(wo)

with w — u € H(B,(x0)). Then the maximum principle implies

inf u<w< sup u in B(xg)
Br(zo) Bi.(z0)
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or

1 sup |lu —w| < o0sc u.
(1) b fu—w| < ose

By Lemma 2.2 in Chapter 3, we have for any 0 < p < r,

@) [ o<t (B[ pups [ -y
B,(zo) r B, (z0) By(x0)

p Tl+2
[ a2l (8 [ pu (D,
B, (x0) r B, (z0)

+/Br(:ro) ]D(u—w)|2}.

Note that the function v = u — w € H} (B, (o)) satisfies

(3)

/B ( )aij(xO)DiUDjSD = /B ( )b(%U,DU)SO +/B o) (aij(wo) — ag(x)) DsuDjp
r(To r{Z0o r {0
¢ € Hy (Br(x0)) N L=(B,(x0)).

Taking ¢ = v and by Sobolev inequality we obtain

/ |Dv\2sc{ [ puepe [ \Du\2+rn+2ﬂ|f|r%q<31>}.
B;(z0) B (xo) B, (z0)

Hence with (1) we conclude

(4) / ]Dv\z < C’{ (r2o‘ + osc u) / \Du\z + 7‘”+20‘Hf]|%q }
B, (zo) Br (o) By (o)

Corollary 4.2 implies u € C% for some dg > 0. Therefore we have by (2) and (4)

[ <ed[(8) ] [ DuP s
By (zo) r B (z0)

By Lemma 1.4 in Chapter 3 we obtain for any § < 1 there holds for any B, (z¢) C B

/ |Dul? < Crn—2+25{/ |Dul? + ||f|\%q(Bl)}‘
Br(:r()) B7

8

T
8
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This implies u € C?

loc

for any 6 < 1. Moreover for any B, (zo) C Bs there holds

osc u < Cr®
BT‘(IO)

for some positive constant depending only on n, A\, A, q, |u|r(p,) and || f||za(B,), by the
remark after the proof of Lemma 4.1. With (4) we have for any By(zo) C Bz

[ ey [, |
BT(CC()) B%
SC’IJH_QO/

for some o < v if 6 € (0,1) is chosen such that 30 > 2 and o+ § > 1. Hence with (3)
we obtain for any By(z9) C Bz and any 0 < p <r

n+2 /
[ ipue@u e (87 [ ipu P
By (z0) r Br(zo)

By Lemma 1.4 and Theorem 1.1 in Chapter 3 again we conclude that Du € C  for

loc
some o' < «, in particular Du € L7S . This finishes the proof.
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CHAPTER 5
VISCOSITY SOLUTIONS

GUIDE
Here we only try to explain a few basic ides in obtaining estimates for viscosity
solutions.Students should read the book for further developments.

In this chapter we generalize the notion of classical solutions to viscosity solutions and
study their regularities. We define viscosity solutions by comparing them with quadratic
polynomials and thus remove the requirement that solutions be at least C?. The main
tool to study viscosity solutions is the maximum principle due to Alexandroff. We first
generalize such maximum principle to viscosity solutions and then use the resulting
estimate to discuss the regularity theory. We use it to control the distribution functions
of solutions and obtain Harnack inequality, and hence C'* regularity, which generalize
a result by Krylov and Safonov. We also use it to approximate solutions in L°° by
quadratic polynomials and get Schauder (C%“) estimates. The methods are basically
nonlinear, in the sense that they do not rely on differentiating equations. This implies
that the results obtained in this way may apply to general fully nonlinear equations,
although in this note we focus only on linear equations.

§1. Alexandroff Maximum Principle

We begin this section with the definition of viscosity solutions. This very weak
concept of solutions enables us to define a class of functions containing all classical
solutions of linear and nonlinear elliptic equations with fixed ellipticity constants and
bounded measurable coeflicients.

Suppose that € is a bounded and connected domain in R™ and that a;; € C(Q)
satisfies

MNP < ai; ()€€ < Al€|? for any z € Q and any £ € R"

for some positive constants A and A. Consider the operator L in ) defined by
Lu= Qij (.’L’)D”’LL
for u € C%(Q).

Suppose u € C?(Q) is a supersolution in 2, i.e., Lu < 0. Then for any ¢ € C?(Q)
with Ly > 0 we have

L(u —¢) < 0in Q.
Typeset by ApS-TEX
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This implies by the maximum principle that u — ¢ cannot have local interior minimums
in . In other words if u — ¢ has a local minimum at zg € €2, there holds

Lo(zg) <0.

Geometrically u — ¢ having a local minimum at zy means that ¢ touches u from below
at xq if we adjust ¢ appropriately by adding a constant. This suggests the following
definition. We assume f € C(2).

Definition. u € C(£) is a viscosity supersolution (resp. subsolution) of

Lu= fin Q

if for any 2o € Q and any function ¢ € C?(Q) such that u — ¢ has a local minimum
(resp. maximum) at xo there holds

Lp(zo) < f(z0) (resp. Lo(zo) > f(x0)).

We say that u is a viscosity solution if it is a viscosity subsolution and a viscosity
supersolution.

Remark. By approximation we may replace the C? function ¢ by a quadratic polynomial
Q.

Remark. The above analysis shows that a classical supersolution is a viscosity super-
solution. It is straightforward to prove that a C? viscosity supersolution is a classical
supersolution. Similar statements hold for subsolutions and solutions.

Remark. The notion of viscosity solutions can be generalized to nonlinear equations
accordingly.

Now we define in a weak way the class of ”all solutions to all elliptic equations”. For
any function ¢, which is C? at zy, we have the following equivalence

> aij(wo)Dijp(0) <0

,j=1

— Z arer <0 with A < o < A, e = ex(D*p(x0))

k=1
=) e+ Y e <0

e; >0 e; <0
< E aieig E ai(—ei),
e; >0 e; <0
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which implies

A Z €; S AZ(—GZ)
e; >0 e; <0
where e1,--- e, are eigenvalues of the Hessian matrix D?p(xp). This means that
positive eigenvalues of D?p(x() are controlled by negative eigenvalues.

Definition. Suppose f is a continuous function in 0 and that A and A are two
positive constants. We define u € C(2) to belong to ST(\, A, f) (resp. S~ (A A, f)) if
for any x¢ €  and any function ¢ € C?(Q) such that u — ¢ has a local minimum (resp.
maximum) at o there holds

A eilmo) + A eilo) < fxo)

e; >0 e; <0
(resp. A ei(wo) + A Y eilzo) > flo))
e; >0 e; <0
where e1(xg),- -, en(x) are eigenvalues of the Hessian matrix D?g(z0).

We denote S(\, A, f) =ST(N A, f)NS (M A, f).
Remark. Any viscosity supersolutions of
aijDiju = f in )
belong to the class ST (A, A, f) where there holds

MEP? < aij(w)&:& < Al€J? for any = € Q and any ¢ € R™.

The class ST(\, A, f) and S~ (A, A, f) also include solutions to fully nonlinear equa-
tions. Among them are the Pucci’s equations.

Ezxample. For any two positive constants A < A let A be a symmetric matrix whose
eigenvalues belong to [\, A], i.e., A[¢]? < A;;&E < AE)? for any € € R™. Let Az
denote the class of all such matrices. For any symmetric matrix M we define the
Pucci’s extremal operators

M (M) =M ()\, A, M) = Aelﬂf;’/\ AijMij

M+(M) = M+(>\,A,M) = sup AZJMM
A€eAx A

Pucci’s equations are given by
M=(NAM) = f, ME(A\A M) =g
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for continuous functions f and ¢ in ). It is easy to see that

M_<)\,A,M) :)\Zez—l—AZeZ

e; >0 e; <0
MENAM) =AY ei+A) e
e; >0 e; <0
where eq,---,e, are eigenvalues of M. Therefore u € ST(\ A, f) if and only if

M=(\, A, D?*u) < f in the viscosity sense, i.e., for any ¢ € C?(Q) such that u — ¢
has a local minimum at xy € €2 there holds

MT(\, A, D?*p(x0)) < f(zo).

By the definition of M~ and M™ it is easy to check that for any two symmetric matrices
M and N
M- (M)+ M~ (N) <M (M+N)<MHM)+ M (N)
< MT(M+N) < MY M)+ MF(N).

This property will be needed in Section 2.

Next we derive the Alexandroff maximum principle for viscosity solutions. It replaces
the energy inequality for solutions to equations of divergence forms.

Let v be a continuous function in an open convex set 2. Recall that the convex
envelope of v in () is defined by

['(v)(z) = sup{L(x); L <wvin Q, L is an affine function}
L

for any x € Q. It is easy to see that I'(v) is a convex function in Q. The set {v =
L(v)} = {z € Qu(z) =T'(v)(x)} is called the (lower) contact set of v. The points in
the contact set are called contact points.

The following is the classical version of the Alexandroff maximum principle. We do

not require that functions be solutions to elliptic equations. See Lemma 4.2 in Chapter
2.

Lemma 1.1. Suppose u is a CY! function in By with uw > 0 on OB;. Then there holds

supu~ < c(n)(/ detD2u)
Bl Blﬁ{u:Fu}

where 'y, is the convex envelope of —u~ = min{u,0}.

3=

Now we state the viscosity version.
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Theorem 1.2. Suppose u belongs to ST(\, A, f) in By with u > 0 on OBy for some
f € C(Q). Then there holds

supu— < c<n,A,A>< / <f+>") '
B1 Blﬂ{u:Fu}

where Ty, is the conver envelope of —u~ = min{u,0}..

Proof. We will prove that I',, is a C™! function in B; and that at contact point zg there
hold

(1) f(z0) >0
and
(2) L(z) <Ty(z) < L(z) + C{f(z0) + £(2) }z — zo|?

for some affine function L and any x close to g, where e(x) — 0 as x — xg and C is a
positive constant depending only on n, A and A. We obtain by (2)

detD?T,(z) < C(n, A\, A) (f(x))n for a.e. x € {u =T,}.
We may apply Lemma 1.1 to function I';, to get the result.

Suppose xg is a contact point, i.e., u(xg) = I'y(zg). We may assume zo = 0. We
also assume, by subtracting a supporting plane at xg = 0, that v > 0 in B; and that

u(0) = 0.
In order to prove (1) we take h(x) = —¢|z|?/2 in B;. Obviously that u — h has a
minimum at 0. Note that the eigenvalues of D?h(0) are —¢,--- , —¢. By definition of

ST\ A, f) we have
—nlAe < f(0).

By letting e — 0 we get (1).
For estimate (2) we will prove

0 < Tu(z) < C(n, A\, A){f(0) +e(z) }|z|* for x € By

where e(z) — 0 as x — 0. By setting w = I',, we need to estimate for any small r» > 0

1
Cr = — maxw.
r“ B
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Fix r > 0. By convexity w attains its maximum in B, at some point on the boundary,
say, (0,---,0,7). The set {z € By;w(x) < w(0,---,0,7)} is convex and contains B,.. It
follows easily that

w(z',r) > w(0,---,0,7r) = Cpr? for any z = (2/,7) € By.
Take a positive number N to be determined. Set

RT = {(:Blaxn); |I/’ S N?", |xn| S T‘}.

We will construct a quadratic polynomial that touches u from below in R, and curves
upward very much. Set for some b > 0

h(x) = (zn +7)% — bl2’|?.

Then we have
(i) for x,, = —r, h < 0;
(i) for |2'| = N7, h < (4 — bN?)r? <0 if we take b = 4/N?;
(iii) for @, = r, h = 4r% — b|2'|? < 4r2.

Hence if we set

i) = hia) = Tt gl

we obtain & < w < w on &R, (since w is the convex envelope of u) and h(0) =
Cir?/4 > 0 = w(0) = u(0). By lowering h appropriately we conclude that u — h
has a local minimum somewhere inside R,. Note the eigenvalues of D2k are given by
C,./2,-2C,./N? ... —2C,./N?. Hence by definition of ST (), A, f) we have

C, C,
_r — 1= < ]
Ay 2= smax/

By choosing N large, depending only on n, A and A, we obtain

4
C, < —max
"= X\ R. /
or
<4 2 f
max w —7r - max .
B, — A R,

Note maxg, f — f(0) as r — 0. This finishes the proof.

We end this section with a simple consequence of Calderon-Zygmund decomposition.
We first recall some terminology. Let ()1 be the unit cube. Cut it equally into 2" cubes,
which we take as the first generation. Do the same cutting for these small cubes to get
the second generation. Continue this process. These cubes (from all generations) are
called dyadic cubes. Any (k4 1)-generation cube ) comes from some k-generation cube
@, which is called the predecessor of Q.
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Lemma 1.3. Suppose measurable sets A C B C Q1 have the following properties
(i) |A| <6 for some 6 € (0,1);
(ii) for any dyadic cube Q, |AN Q| > §|Q| implies Q C B for the predecessor Q of
Q.
Then there holds
|A] < 41B].

Proof. Apply Calderon-Zygmund decomposition (Lemma 1.6 in Chapter 3) to f = x4.
We obtain, by assumption (i), a sequence of dyadic cubes {Q7} such that

AC Uij except for a set of measure zero

AN
6 < ﬂ < 2"6
Q7|
and ~
AN QY|
Q7|
for any predecessor Q7 of Q7. By assumption (ii) we have Q7 C B for each j. Hence we
obtain

9

AcCu;Q’ C B.

We relable {Q7} so that they are nonoverlapping. Therefore we get

Al <Y 1ANQ <6 1Q < dIBI.

§2. Harnack Inequality
The main result in this section is the following Harnack inequality.

Theorem 2.1. Suppose u belongs to S(A\, A, f) in By with u > 0 in By for some
f € C(By). Then there holds

supu < C{ infu + ||f||Ln(Bl)}
B% B%

where C' is a positive constant depending only on n, A and A.

The interior Holder continuity of solutions is a direct consequence, whose proof is
identical to that of Theorem 3.4 in Chapter 4.
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Corollary 2.2. Suppose u belongs to S(A\, A, f) in By for some f € C(By). Then
u € C*(By) for some a € (0,1) depending only on n,\ and A. Moreover there holds

ole) — )] < Clo— ol { suplul + 100,y | for any oy € By

where C' = C(n, \,A\) is a positive constant.
For convenience we work in cubes instead of balls. We will prove the following result.

Lemma 2.3. Suppose u belongs to S(\, A, f) in Qy m with u > 0 in Q4 m for some
f € C(Qqym). Then there exist two positive constants g9 and C, depending only on n, A

and A, such that if infg, , u <1 and ||f|znq, ) < €o there holds supg, u < C.
1

Theorem 2.1 follows from Lemma 2.3 easily. For u € S(A, A, f) in Q4 5 with u >0

in 4, /5, consider
u

infg, ,, u+ 0+ | fllLn (@,

us =

for 6 > 0. We apply Lemma 2.3 to us to get, after letting 6 — 0,

sg;u < C{ glifu + \|fHLn<QM>}-
Then Theorem 2.1 follows by a standard covering argument.

Now we begin to prove Lemma 2.3. The following result is the key ingredient. It
claims that if solution is small somewhere in ()3 then it is under control in a good
portion of Q1.

Lemma 2.4. Suppose u belongs to ST(X, A, f) in By s for some f € C(By /). Then
there exist constants g > 0, p € (0,1) and M > 1, depending only on n, A and A, such

that if
u>01in B2\/ﬁ

infu <1
(1) QT

1B, ) < €0
there holds
{u < M}N Qi > p.

Proof. We will construct a function g, which is very concave outside ()1, such that if we
correct u by g the contact set occurs in );. In other words we localize where contact
occurs by choosing suitable functions.
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Note By;y C Bija C Q1 C Q3 C By, 5. Define g in B, /57 by

- z|?\ 8
g(x) = —M(1 - %)

for large B > 0 to be determined and some M > 0. We choose M, according to (3, such
that

(2) g=0o0ndB, 5 and g¢g<-2in Q3.

Set w =u+ g in By ;. We will show by choosing [ large that

(3) w€S+()\,A,f) in BQ\/H\QL

Suppose ¢ is a quadratic polynomial with the property that w — ¢ has a local minimum
at xg € By, /- Then u — (¢ — g) has a local minimum at xg € B, /. By definitions of
ST(\ A, f) and the Pucci’s extremal operator M~ we have

M™ (XA, D*p(0) — D*g(x0)) < f(20)

or

M= (XA, D*p(x0)) + M™ (X, A, =D?g(x0)) < f(x0)

where we used the property of M ™. We will choose 3 large such that
M= (N A, —D?*g(x0)) > 0 for any zg € Byym \ B1.

We need to calculate the Hessian matrix of g. Note

M 2?51 M 2%\ 52
Diig(z) = —p(1— )7, — (-2
i9(z) Qnﬁ( 4n ) J (2n)26(5 )( 4n ) Vit
If we choose 2 = (|z|,0,--- ,0) then the eigenvalues of —D?g(x) are given by

M 2. 5-2,28—-1
L R T

with multiplicity 1 and
Mg @)f’—l

%ﬁ(l 4n
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with multiplicity n — 1. We choose 3 large such that for |z| > 1/4 the first eigenvalue is
positive and the rest negative, denoted by e™(z) and e~ (x) respectively. Therefore for
|z| > 1/4 we have

M=\ A, —D?g(x)) = eT(z) + (n — 1)Ae™ (2)
0= B e - ) - - ma - By 2

n 4n,

if we choose (3 large, depending only on n, A and A. This finishes the proof of (3). In
fact we obtain

w e ‘S+()‘7A7f + 77) in B2\/ﬁ

for some n € C3°(Q1) and 0 <n < C(n, A\, A).
We may apply Theorem 1.2 to w in B, 5. Note infg, w < —1 and w > 0 on 0B, /5
by (1) and (2). We obtain

1s0(/‘ Gﬂ+nW)
By mn{w=T"4}

n

Choosing £¢ small enough we get

<CHw=Tu}NQi|" <Cl{u< M}NQy|"

N | =

since w(x) = I'y, () implies w(z) < 0 and hence u(x) < —g(z) < M. This finishes the
proof.

Next we prove the power decay of distribution functions.

Lemma 2.5. Suppose u belongs to ST (A, A, f) in By s for some f € C(By 7). Then
there exist positive constants g, € and C, depending only on n, A and A, such that if

uZOz'nBQ\/ﬁ

infu <1
M info <

1flln (B, =) < €0

there holds
Hu>t}NQ1| < Ct ¢ fort > 0.
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Proof. We will prove that under the assumption (1) there holds

where M and p are as in Lemma 2.4.
For k =1, (2) is just Lemma 2.4. Suppose now (2) holds for k — 1. Set

A={u>M"YnQ,, B={u>M"1}1nQ.
We will use Lemma 1.3 to prove that
(3) Al < (1 —p)Bl.

Clearly AC B C @y and |[A| < [{u> M} NQ1| <1-—p by Lemma 2.4. We claim that
if @ = Q,(x0) is a cube in @4 such that

(4) [ANQI> (1 —p)|Q

then QN Q, C B for Q = Q3r(z0). We prove it by contradiction. Suppose not. We
may take & € () such that u(%) < M¥~!. Consider the transformation

x=x9+ry forye @ and x € Q = Q. (xp)

and the function )

u(y) = WU(JL‘)-

Then @ > 0 in B, 54 and infg, 4 < 1. It is easy to check that @ € ST\ A, f) in By m
with HfHLn(BQﬁ) < gp. In fact we have

~ 7‘2

fly) = Wf(v”’?) for y € By /m

and hence

~ r
1B, ) < WHJCHL”(B?@) <N fllen (B, - < €o-

Hence 4 satisfies the assumption (1). We may apply Lemma 2.4 to @ to get
p< {aly) < MyNQil =r""Hu(z) < M*} N Q).

Hence |Q N AY| > u|Q|, which contradicts (4). We are in a position to apply Lemma
1.3 to get (3).
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Proof of Lemma 2.3. We prove that there exist two constants § > 1 and My >> 1,
depending only on n, A and A, such that if u(zg) = P > M for some x¢ € By,4 there
exists a sequence {x)} € Bj /o such that

u(zy) > 08P for k=0,1,2,--- .

This contradicts the boundedness of u and hence we conclude that supg, u < Mj.

Suppose u(zo) = P > My for some xg € By;4. We will determine MS and 6 in the
process. Consider a cube Q,.(z¢), centered at zy with side length 7, which will be chosen
later. We want to find a point z; € Qg /5, (7o) such that u(z1) > 6P. To do that we
first choose r such that {u > P/2} covers less than half of Q,(z¢). This can be done by
using the power decay of the distribution function of w.

Note infg, u < ian1/4 u < 1. Hence Lemma 2.5 implies

fu> ghn@il < C;)

We choose r such that r"/2 > C(P/2)¢ and r < 1/4. Hence we have, for such r,
Qr(x0) C Q1 and

1
(1) W\{U>P/2}ﬁQr($0)|§

Next we show that for 6§ > 1, with 6—1 small, u > 6P at some point in Q4 /7, (z0). We
prove it by contradiction. Suppose u < 6P in Q4 /m, (o). Consider the transformation

N =

r=2x0+ry fory€ Qumand z € Q4 mr(70)

and the function
0P —u(x)

u(y) wO-np

Obviously @ > 0 in B, 5 and %(0) = 1, hence infg, @ < 1. It is easy to check that
u € S*()\,A,f) in By /s with HJEHL"(BQW) < g¢. In fact we have

~ 7"2

fly) = —w_—lﬂjf(x) for y € By

and hence
r

Hf“Ln(BQﬁ) < WHJEHL"(BQﬁr(mo)) < €0
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if we choose P such that r < (§ — 1)P. Hence we may apply Lemma 2.4 to 4. Note
that u(z) < P/2 if and only if a(y) > 99__1{2 and that 0 1/2 is large if 6 is close to 1.
So we obtain

Giles P NGl = a2 S na < o S2) <

if 6 is chosen close to 1. This contradicts (1).
Hence we conclude that there exists a 8 = 6(n, A, A) > 1 such that if

u(xg) = P for some x( € B

then
u(z1) > 0P for some 1 € Qu, /- (T0) C Ban,(z0)

provided
C(n,\, A )P~ = <r<(f—1)P.

So we need to choose P such that P > (9 1) "% and then take r = CP~%.
Now we may iterate the above result to get a sequence {zy} such that for any k£ =
1,2,
u(zy) > 0% P for some zj € Bonr, (T—1)
where rp, = C(0%71P)~% = CO~*~DaP~n. In order to have {z}} € B/ we need
> 2nry < 1/4. Hence we choose My such that

B e C |-
My zswée =05 and - Mo > (=)™

and then take P > M. This finishes the proof.

In the rest of this section we prove a technical lemma concerning the second order
derivatives of functions in S(A, A, f). Such result will be needed in the discussion of
W?2P estimates. First we introduce some terminology.

Let ©Q be a bounded domain and w be a continuous function in 2. We define for
M >0

G (u, Q) = {xog € Q; there exists an affine function L such that
M

L(x) — 7|x — x0|? < u(z) for z € Q with equality at zo}
G (u, Q) = {z¢ € Q; there exists an affine function L such that

L(x) + %L@ — zo|* > u(x) for z € Q with equality at zo}
G (u, Q) = G (u, Q) NGy (u, Q).
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We also define

A]T4 (uv Q) = \ G&(u’ Q)
AT (u, Q) =0\ Gy (u, Q)

In other words Gy, (u, Q) (resp. G3;(u,Q)) consists of points where there is a concave
(resp. convex) paraboloid of opening M touching u from below (resp. above). Intu-
itively |Ans(u, Q)| behaves like the distribution function of D?u. Hence for integrability
of D?u we need to study the decay of |Axs(u, Q).

Lemma 2.6. Suppose that () is a bounded domain with Bg, m C € and that u belongs
to ST(N\, A, f) in Bg, s for some f € C(Bg ). Then there exist positive constants do,
p and C, depending only onn,\ and A, such that if [u[ <1 in Q and | f||~(B, ) < do
there holds

|A; (u, Q)N Q1| < Ct™# for any t > 0.

If, in addition, u € S(\, A, f) in Bg s, then
| At (u, Q)N Q1| < Ct™* for any t > 0.

In the proof of Lemma 2.6 we need the mazimal functions of local integrable func-
tions. For g € L} (R™) we define

1
m(g)(x) = ililg m 0. (@) lg]-

The maximal operator m is of weak type (1,1) and of strong type (p,p) for 1 < p < oo,
ie.,

c1(n)
t
[m(9)ll r@®n) < c2(n,p)||gllr@ny for 1 <p < oo.

{z € R mlg)(@) > )] < 2 g iy for amy £ 0

Now we begin to prove Lemma 2.6. The following result is the key ingredient. It
claims that if u has a tangent paraboloid with opening 1 from below somewhere in (03
then the set where u has a tangent paraboloid from below with opening M in @, is
large. Compare it with Lemma 2.4.
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Lemma 2.7. Suppose that () is a bounded domain with Bg, m C € and that u belongs
to ST(N\, A, f) in Bg s for some f € C(Bg sz). Then there exist constants 0 < o < 1,
do > 0 and M > 1, depending only on n,\ and A, such that if ||f]|p» y < 0o and

Gl_ (U, Q) N Q3 7é ¢7 then

(Bsym
|Gy (u, )NQ1| >1—o0.
Proof. Since G| (u,) N Qs # ¢, there is an affine function Ly such that
v > P; in Q with equality at some point in @3

where )
u(z T
v(x) = % + Li(z) and Pi(x)=1- %

This implies v > 0 in B, /5 and infg, v < 1. Then as in the proof of Lemma 2.4, for
w = v + g, where g in the function constructed in Lemma 2.4, we have

Hw=Tuw}N@1|>1-0

for some o € (0,1) if dp is chosen small. Now we need to prove {w = I',,} N Q1 C
G (u, Q) N Qy for some M > 1. Let g € {w =T, } N Q1 and take an affine function
Ly with Ly < 0 on 8B2\/ﬁ and

Ly <Tw <v+gin By 5 with equality at xo.
It follows that
(1) Py < Ly — g <vin By 5 with equality at zg

for a concave paraboloid P, of opening My = My(n, A\, A) > 0.

Next we prove Po < v in Q\ By /5. Note that P, < —g = 0 = Py on 0B,/ and
that Py(zo) = v(zo) > Pi(wo) with g € Q1 C By s If we take My > 1/(2n), then
{P; — P, > 0} is convex. We conclude that P, — P; < 0 in R" \ B, /n- Hence we have
Py < P <wvinQ\ By 5. By (1) and the definition of v, we get zo € G5, (v, 2) N Q1
with 2nMy > 1.

Proof of Lemma 2.6. Recall Bg , CQ, u € ST\ A, f) in Bg. m and
(1) U] o () < 1, 1flen By =) < do-

We will prove that there exist constants M > 1 and 0 < v < 1, depending only on n, A
and A, such that
[ Ay (0, Q) N Q1| < ¥ for any k=0,1,--
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Step 1. There exist constants M > 1 and 0 < ¢ < 1 such that
2) G, )N Qi > 1—0.
It is easy to see that |u|pe(o) < 1 implies that
Gc_(n) (v, ) NQs # ¢

for some constant ¢(n) depending only on n. We may apply Lemma 2.6 to u/c(n) to get
(2). By a simple adjustment we may assume that dp, M and o in Step I are the same
as those in Lemma 2.6.

Step II. We extend f by zero outside Bg 5 and set for k =0,1,---,

A= AX/IIC-H (u7 Q) N Ql
B = (A (u, Q)N Q1) U {z € Qusm(f™)(x) > (et M*)"}

for some ¢; > 0 to be determined. Then there holds
|A| < o|B|

where M > 1 and 0 < o0 < 1 are as before. Recall that m(f™) denotes the maximal
function of f".

We prove it by Lemma 1.3. It is easy to see |A| < o since we have |G .., (u, 2)NQ1| >
|G (u, Q) N Q1] > 1 — o by Step L. Next we claim that if Q = Q,(x¢) is a cube in @

such that
(3) AL (0, Q)N Q| = [AN Q| > o|Q)

then Q N Q, C B for Q = Qs,(xy). We prove it by contradiction. Suppose not. We
may take an z such that

TeG(u,)NQ

and

Sup ———— If]" < (ea M”™)™.
r>0 |Qr($)| Q- (%)

Consider the transformation
x=x9+ry forye @ and x € Q = Q,(xp)

and the function )

a(y) = ().
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It is easy to check that Bg, 5 C Q, the image of Q under the transformation above, and
that & € ST(\, A, f) in By, 5 with

fly) = % (x) for y € B /5.

By the choice of  we have
Gy (2,9) N Q3 # ¢
Since Bg, /5, (T0) C Q15./m-(7) there holds

P 1
1 llerBom) = g1 ln(@usymn @) < e(n)er < 6o

if we take ¢y small enough, depending only on n, A and A.
Hence u satisfies the assumption of Lemma 2.7 with 2 replaced by 2. We may apply
Lemma 2.7 to u to get

G (1, NQ >1—0

or

|G]T4k+1(U,Q) NQI> (1-0)Q|

This contradicts (3). We are in a position to apply Lemma 1.3.
Step III. We finish the proof of Lemma 2.6. Define for £ =0,1,--- ,

o = [Ay e (u, ) N Q1
Be = {z € Qu;m(f")(x) > (e M*)"}].

Then Step IT implies a1 < o(ax + Bx) for any k = 0,1,---. Hence by iteration we
have
k—1
o < o+ Zﬂk_lﬂzw
i=0

Since || f"]|z1 < and the maximal operator is of weak type (1, 1), we conclude that
B < ¢(n)dB (et M*)™™ = C(n, A, A)M~"F,

This implies

k—1 k—1
Zak_iﬂi < Czak—iM—ni < Ck"}/g
1=0 1=0
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with 79 = max{o, M~"} < 1. Therefore we obtain for k large
ar < 0%+ Ckyg < (1+ Ch)yg <A
for some v = ~y(n,A\,A) € (0,1). This finishes the proof.
Remark. The polynomial decay of the function
fu(t) = | A (u, ) N Q|

for u € S(\, A, f) implies that D?u is LP-integrable in @Q; for small p > 0, depending
only on n, A and A. In order to show the LP-integrability for large p we need to speed up
the convergence in the proof of Lemma 2.6. We will discuss W?2P estimates in Section
4.

§3. Schauder Estimates

In this section we will prove the Schauder estimates for viscosity solutions.
Throughout this section we always assume that a;; € C'(By) satisfies

MNEP < a;j(x)&:&5 < A|€|? for any z € By and any & € R"
for some positive constants A and A and that f is a continuous function in Bj.

The following approximation result plays an important role in the discussion of reg-
ularity theory.

Lemma 3.1. Suppose u € C(By) is a viscosity solution of
ai;Diju=f in By
with |u| <1 in By. Assume for some 0 < e < 1/16,
laij — aij(0)||Ln(Bs,.) < €

Then there exists a function h € C(Bs;4) with a;j(0)Dijh = 0 in Bysy and [h| < 1 in
Bs /4 such that

o= hlusoy < 04+ 1l |
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where C' = C(n, A\, A) is a positive constant and v = vy(n,\,A) € (0,1).
Proof. Solve for h € C(B3,4) N C°°(Bs4) such that
a;j(0)Dijh =0 in Bgy
h=u on 0Bg,.

The maximum principle implies |h| < 1 in Bs,4. Note that u belongs to S(A, A, f) in
By. Corollary 2.2 implies that u € C*(Bs/4) for some v = av(n, A\, A) € (0,1) with the
estimate

lullca(By,0) < C A M{L+ (1 fll Lo (1) }-
By Lemma 3.6 in Chapter 1 we have

1hllos (g, ) < Clltllon gy < CouA {1+ [ fllees )

Since u — h = 0 on 9Bs3,4 we get for any 0 < 0 < 1/4

(1) = hli=e@5, ) < C82 {1+ fll~B)) }-
We claim for any 0 < § < 1
(2) |D2h|L°°(B%75) < 05%_2{1 + ||f||L”(B1)}

In fact for any 2o € Bs/4_s, we apply interior C?-estimate to h—h(z1) in Bs(z0) C Bs4
for some z1 € 0Bs(xp) and obtain

|D*h(zo)| < C62 BS?I)) |h — h(z1)| < 05_25%{1 + 1l }-
s\To

Note that u — h is a viscosity solution of
a;jDij(u —h) = f — (aij — a;;(0))Dih = F  in Bsy.
By Theorem 1.2 (Alexandroff maximum principle) we have with (1) and (2)
= hlre(py ) < lu—hlr=@py )+ ClFlLnm, )
<lu—hlr=e@5, ,)+ C|D2h|Lm(B%,5) laij = aij (0)llznzg) + CllfllLn (s
<C(0% +022) {1+ | flln sy } + Cllf im0
Take 6 = €/? < 1/4 and then v = a/4. This finishes the proof.

For the next result we need to introduce the following concept.
Definition. A function g is Holder continuous at 0 with exponent a in L"-sence if

[9lce, (0) = S (|B|/ lg — g(0 ) < 0.

Now we state the Schauder estimates.
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Theorem 3.2. Suppose u € C(By) is a viscosity solution of
aijDiju = f mn Bl.

Assume {a;;} is Holder continuous at 0 with exponent o in L™-sence for some e € (0, 1).
If f is Hélder continuous at 0 with exponent o in L™-sence, then u is C*% at 0. Moreover
there exists a polynomial P of degree 2 such that

|u — P|pe(B,(0)) < Cor?T® for any 0 <r < 1

[PO)] + |DP(0)| + |D*P(0)] < C.

and

c. < o{yuuwwl) FIFO)] + e, <o>}

where C' is a positive constant depending only on n, A\, A, o and [a;j]ce, (0).

Proof. First we assume f(0) = 0. For that we may consider v = u — b;;z;z, f(0)/2 for
some constant matrix {b;;} such that a;;(0)b;; = 1. By scaling we also assume that
[aij]ce, (0) is small. Next by considering for § > 0

u
|ul Lo (By) + $[flee, (0)

we may assume |u[z~(p,) <1 and [f]ce, (0) < 0.
In the following we prove that there is a constant § > 0, depending only on n, A, A
and «a, such that if u € C(By) is a viscosity solution of

aijDiju = f in Bl
with

[ulpe(p) <1, [agleg, (0) <6

1
1 n
(m/ |f|”) <or® forany 0 <r <1
r B,

then there exists a polynomial P of degree 2 such that

(1) [u — Pl (B, (0)) < Cr?T® forany 0 < r < 1
and
(2) |P(0)| + [DP(0)| +|D*P(0)| < C

126



for some positive constant C depending only on n, A, A and «.
We claim that there exist 0 < u < 1, depending only on n, A\, A and «, and a sequence
of polynomials of degree 2

1
Pi(x) =ar + by -+ §l’tckl'

such that for any £ =0,1,2,---,

aij (O)D”Pk =0

’u_ Pk‘L"O(BMk) S Mk:(Q-l—oz)

(4) lax — ap—1| + pF bk — bp—1| + p2FY|Cp — Cp_q| < CpF—DEF)

where Py = P_; =0 and C' is a positive constant, depending only on n, A, A and «a.
We first prove that Theorem 3.2 follows from (3) and (4). It is easy to see that ay, by
and C} converge and the limiting polynomial

P(x) = Goo + boo - T + %xtCoo:r
satisfies
|Pr(z) — p(x)| < C{Ja?p®* + Ja|u @ TDF 4 plotDFY < Op ek
for any |z| < p*. Hence we have for |z| < p*
[u(@) — p(2)] < [u(@) = Pr(x)| + |Po(x) —p(z)] < OuPro*
which implies that
lu(z) — p(z)| < Clz|**™ for any = € B.

Now we prove (3) and (4). Clearly (3) and (4) hold for £ = 0. Assume they hold for
k=0,1,2,---,1. We prove for k =1+ 1. Consider the function

1

(y) = m(u — P)(u'y) for y € Bi.

U
Then @ € C(By) is a viscosity solution of
d@'jDijﬂ == f in Bl
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with
. 1
aij(y) = —=ai; (1'y)
1
~ 1
fly) = W{f(uly) — ay;(p'y)Dij Py}
Now we check that u satisfies the assumptions of Lemma 3.1. For that we calculate
- - 1
laij — @i (0)[|Ln(By) < WH%‘ — a5 (0)l[Lnz ) < lailog, (0) <6
and

~ 1 1
[fllen () < WHJ[HL"(B“Z) + o SUP |D?Pil||ai; — ai;(0)llzn(B,) <0+ C6

where we used

l l
ID’°P| <) |D*Py = D*Pe4| < Y Do < C
k=1 k=1

Hence we take ¢ = C'(n, A\, A)§ in Lemma 3.1. Then by Lemma 3.1 there exists a function
h € C(Bs;4) with a;;(0)D;jh = 0 in B34 and |h| < 1 in By such that

|12— h‘LOO(Bl) < C{E’y +8} < 2C¢e7.

Write P(y) = h(0) + Dh(0) + y* D?h(0)y/2. Then by interior estimates for h we have
(@ = Plye(p,) <@ = hlpe(s,) + b= Plie(s,) <207+ Cpu’ < p®*e
by choosing © small and then € small accordingly. Rescaling back we have
lu(z) — Pi(z) — PO P(ple)| < pHDCH) for any o e B,
This implies (3) for k =1 + 1, if we define
Py (z) = Py(x) + p'®+ ) P(p"a).

The estimate (4) follows easily.

To finish this section we state the Cordes-Nirenberg type estimate. The proof is
similar to that of Theorem 3.2.
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Theorem 3.3. Suppose u € C(By) is a viscosity solution of
aijDiju = f m Bl.

Then for any o € (0,1) there exists an 0 > 0, depending only on n,\, A and «, such
that if

1
1 n
( / |aij—aij(0)|n) <0 forany0<r<1,
Br| /B,
then u is CH% at 0; that is, there exists an affine function L such that

u— Ll poo(p.0)) < Cort™® for any 0 < r < 1
(Br(0))
[L(0)[ + [DL(0)| < C.

and

—a 1 n\
C* SC{|U|L°°(B1)+ sup Tl (|B |/B |f| )n}

0<r<1
where C' is a positive constant depending only on n, A\, A and «.

§4. W?2P Estimates

In this section we will prove the W?2? estimates for viscosity solutions.
Throughout this section we always assume that a;; € C(B;) satisfies

MNEP? < aij(2)€:€5 < AJ€)? for any = € By and any &€ € R

for some positive constants A and A and that f is a continuous function in Bj.
The main result in this section is the following theorem.

Theorem 4.1. Suppose u € C(By) is a viscosity solution of
aijDiju = f m Bl.

Then for any p € (n,00) there exists an € > 0, depending only on n, A\, A and p, such

that if
1 -
_ la;; — ai-(x0)|"’> <e for any B,(z¢) C By,
(|Br(ﬂf0) Bozo)

then u € Wfo’p(Bl). Moreover there holds

(&

fulbwascay) < O ulommy + 1l |

where C' is a positive constant depending only on n, A\, A and p.

As before we prove the following result instead.
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Lemma 4.2. Suppose u € C(Bs, ) is a viscosity solution of
aijDiju = f m B8\/ﬁ

Then for any p € (n,00) there exist positive constants ¢ and C, depending only on
n, X\, A\ and p, such that if

lullLee(Bg ) <1 I flle(By m) <€

and

1 A7
(|BT(IE0)| By (30) lai; — aij(xo)| ) <e for any B,(xg) C Bg

then u € W2P(By) and |ul|lwzrp,) < C.

Before the proof we first describe the strategy.
Let Q be a bounded domain and w be a continuous function in €. As in Section 2
we define for M > 0

G (u, Q) = {xp € Q; there exists an affine function L such that
M M
L(x) = ol = zo* < (@) < Lx) + = |z — o
for z € Q with equality at z(}
We consider the function

O(x) =0(u,Q)(z) =inf{M;z € Gp(u,Q)} € [0,00] forz e

It is straightforward to verify that for p € (1,00] the condition § € LP(Q2) implies
D%y € LP(Q) and
ID*ull o () < 200l (-
In order to study the integrability of the function # we discuss its distribution function,
ie.,
po(t) = [{z € Q;6(z) > t}| for any t > 0.

It is clear that
po(t) < |A¢(u, Q)| for any ¢ > 0.

Hence we need to study the decay of |A.(u, 2)].
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Lemma 4.3. Suppose that §) is a bounded domain with Bg 5 C 2 and that u € C(£)
s a viscosity solution of

aijDZ-ju = f m BS\/ﬁ

Then for any ey € (0,1) there exist an M > 1, depending only on n, A and A, and an
e € (0,1), depending only on n,\, A and ey, such that if

(1) ”f”L”(Bsﬁ) <e  ai; - aij(O)HL"(B7ﬁ) <e
and
(2) C7Y1 (U, Q) N QS 7& ¢7

then there holds
‘GM(U,Q) N Q1| 2 1-— €o-

Proof. Let 1 € G1(u,2) N Q3. Then there exists an affine function L such that

1
—§|$ — 21 <u(z) — L(z) < |z — 21]% in Q.

N | =

By considering (v — L)/c(n) instead of u, for ¢(n) > 1 large enough, depending only on
n, we may assume that

(3) lul <1 in Bg

which implies

(4) —|z]* <wu(x) < |z|* forany z € Q\ Bg /m-
Solve for h € C(By, ;) N C*°(By. /) such that

Qij (O)D”h =0 in B7\/ﬁ
h=u ondB; .

Then Lemma 3.1 implies

(5) 0 Bl s, o < c{ev T HfHLn(BM)}
and
(6) [hllc2(By =) < C
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where C' > 0 and v € (0,1), as in Lemma 3.1, depending only on n, A and A. Consider
h| Be - Extend h outside Bg./m continuously such that h = u in Q\ By 5 and |u —
hlr=(q) = [u = hlr=(B, ). Note [h| < 1in Q. It follows that [u — A= @) < 2 and
hence with (4)

—2— |z < h(z) <2+ |z|* forany x € Q\ Bs n-

Then there exists an N > 1, depending only on n, A and A, such that

(7) Q1 C Gn(h, Q).
Consider in{1.50)
~ min{1,dg B
207 (u=")

where g is the constant in Lemma 2.6 and C' and ~ are constants in (5) and (6). It is
easy to check that w satisfies the hypothesis of Lemma 2.6 in 2. We may apply Lemma
2.6 to get

|A(w, Q) N Q1] < Ct™# for any t > 0.

Therefore we have
|As(u — h, Q)N Q1| < Ce™s™# for any s > 0.

It follows that
|GN<U — h,Q) N Q1| Z 1— Clé"y‘u Z 1 — &0

if we choose ¢ = e(n, \, A, gp) € (0,1) small. With (7) we get
|G2N(u, Q) N Q1| >1- £0-

Remark. In fact we prove the Lemma 4.3 with the assumption (2) replaced by (3).

Proof of Lemma 4.2.

Step I. For any ¢¢ € (0,1) there exist an M > 1, depending only on n, A and A, and
an ¢ € (0,1), depending only on n, A\, A and &g, such that under the assumptions of
Lemma 4.2 there holds

(1) ’GM(U,BS\/E)QQH 21—80.
We remark that M does not depend on &.
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In fact we have |u| <1 < |z]* in By 5 \ Bg, /- We may apply Lemma 4.3 to get (1)
with Q = Bg /5 (see the Remark after the Lemma 4.3).
Step II. We set, for k=0,1,---,

A= AMk+1 (U,Bg\/ﬁ) N Ql
B = (Apx(u, Bg.m) N Q1) U{z € Qiym(f")(z) > (cle)”}

for some ¢; > 0 to be determined, depending only on n, A, A and 3. Then there holds
|A| < eo|B|.

The proof is identical to that of Lemma 2.6.
Step III. We finish the proof of Lemma 4.3. We take ¢y such that

1
EOMp: 5

where M, depending only on n, A and A, is as in Step 1. Hence the constants € and ¢;
depend only on n, A\, A and p. Define for k =0,1,-- -,

ay, = |Ape (u, B ) N Q1|
Br = {z € Quym(f™)(z) = (et M*)"}.

Then Step II implies a1 < go(ax + Bk) for any kK = 0,1,---. Hence by iteration we
have

k—1
k k—i
ap < e+ E ey Bi-
i=1

Since f™ € LP/™ and the maximal operator is of strong type (p,p), we conclude that
m(f") € LP/™ and
Im (™), 2 <ClIfl7» <C.

Then the definition of 3; implies

ZMpkﬁk <C.

k>0

As before we set

0(x) = 0(u, By)(x) = inf{M;z € Gn(u, By)} € [0,00] forz € B,
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and
po(t) = [{z € By;0(x) >t} for any ¢ > 0.

The proof will be finished if we show
||9||LP(B%) <C.
It is clear that

po(t) < |A¢(u, B1)| < |Ai(u, Bg, ) N Q1] for any ¢ > 0.

1
2

It suffices to prove, with the definition of «y, that

ZMpkak S C.

k>1

In fact we have

k-1
> MPRap <) (eoMP)F >0 eb T MPETI M

E>1 k>1 k>1i=0
<y 2R (D M) (D) 2) <C
E>1 i>0 j>1

This finishes the proof.
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CHAPTER 6
MINIMIZERS

Under appropriate assumptions weak solutions to elliptic equations of divergence
forms can be viewed as minimizers of convex functionals. While nondifferential func-
tionals have no Euler-Lagrange equations. In this chapter we will discuss regularity of
minimizers for such functionals. First we will prove that minimizers satisfy the Harnack
inequality, and hence are Holder continuous. This generalizes the similar results due
to DeGiorgi for weak solutions. Second we will improve the integrability of gradients
for minimizers. This kind of results play an important role in the regularity theory of
elliptic systems and quasi-convex functionals.

§1. The Calculus of Variations

In this section we always assume that €2 is a bounded connected domain in R™ and
that m > 1 is a constant. Suppose that F': Q x R" — R is a Caratheodory function,
i.e., F(z,p) is measurable in x for all p € R™ and continuous in p for almost all z € Q.
We begin with the model problem of finding a minimizer for the functional

E(w)z/ﬂF(m,Dw(az))dw

among the class
K={weW"™(Q); w=gon dQ}

for some fixed function g : 92 — R.

What structural assumption on the nonlinearity F' allows the existence of minimizers?
For an answer we assume that u € K is a minimizer and that F is at least C?, and then
set

e(t) = E(u+tp) = / F(x, Du + tDg)dz
Q
where ¢ is a Lipschitz function with compact support in Q and t € R. Since e attains
its minimum at 0, we have

e"(O)—/ O°F (z, Du)D;pD;pdz > 0
o Opidp; R o

We may set
x - 5)

o(x) = en(z)p( .

Typeset by ApS-TEX
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for n € C§°(Q), £ € R™ and p the 2-periodic sawtooth function equaling x in [0, 1] and
2 — z in [1,2]. Substituting such ¢ and letting ¢ — 0, we obtain

0*F
OpiOp;
This inequality strongly suggests that it is natural to assume F' is convex in terms of p.

(x, Du(x))&& >0 for any € Q and € € R™.

Remark. Under appropriate growth assumptions on F', we have for minimizer u

F
0=2¢(0) = /Q gp' (z, Du)D;pdx  for any o € C5(Q).

So our minimizer u is a weak solution of the Fuler — Lagrange equation
—div(DpF(xz,Du)) =0 in )
u=g on 0.

It is obvious that the convexity of functionals is equivalent to the ellipticity of the
corresponding equations. A special case is given if the integrand F' is a quadratic form,
ie.,

F(x,p) = ai;(x)pip;
for some symmetric matrix {a;;(x)} defined in 2. Then the convexity of F' is equivalent
to the requirement that {a;;(x)} is semi-positive definite, that is,

a;j(x)§& >0 for any x € 2 and £ € R".

JFrom the above remark we may get various regularity results for minimizers of
convex functional if F' is differentiable and satisfies appropriate growth conditions. The
goal of this chapter is to recover part of the results without the assumptions on convexity
and differentiability.

We assume the following growth condition and coerciveness condition on F': there
exist two positive constants A and A and a nonnegative constant y such that

(*) Alp|™ = x < F(z,p) < Alp|™ + x  for any (z,p) € Q@ x R"

where m > 1 is a constant.
The function u € W1™(Q) is a (local) minimizer of the functional

E(w):/QF(x,Dw)dx

/ F(z, Du)dz < / F(z, Du+ Dg)dx for any ¢ € W, ™(Q).
Q Q

In fact we may integrate over the set supp(yp).
We first derive a Caccioppoli-type inequality.
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Lemma 1.1. Suppose that w € W1™(Q) is a minimizer of the functional E(u) and
that F satisfies (x). Then there holds for any 0 < r < R and any k € R with Br C

1
DumSC’{—/ u—k|"™+ x|B }
/BT| | Gy, kB

where C' is a positive constant depending only on m,n, A and A.

Proof. Choose n € C5°(Bg) withn=11in B, and 0 <n <1 and |Dn| <2(R—7r)"!in
Bpgr. Set ¢ = n(u — k) for some k € R. Then by minimality we have

/ F(x,Du)dzx < / F(x,Du+ Dy)dx
Bgr Br

which implies by the assumption (x)

[ wripu < c{ [ a—amoa+ [ Do+ x|BR|}
Bgr Br Br

where C' is a positive constant depending only on m,n, A and A. By the choice of n we

obtain
1
Dumgc{/ Dum+—/ u_kaBR}.
/1w sy ML R

Now we add C' times the left-hand side and get

1
Dul™ <80 Dum—i—C’{—/ u—k|"™+ x|B }
[ <o [ a0 g [ ek B

r

where 6 € (0,1) is a constant depending only on m,n, A and A. By Lemma 1.2 in
Chapter 4 we get the result.

Remark. In the above proof we may take ¢ = n(u — k)*. Then we get the following
estimates

/BT |D(u — k)™ SC{ﬁ/BR,(u_k)+|m+X|BRﬂ{qu}|}
and
/BT |D(“—k)_’mSc{ﬁflgﬁuu—k)_|m+x!330{ugk:}|}.

In Section 2 we will prove that such u satisfies Harnack inequality and hence is Holder
continuous.
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Corollary 1.2. Suppose u is as in Lemma 1.1. Then there holds for any Br C 2

1 1
1 m 1 q
|Du|m) < C{ (— |Du|q) -I—X}
<|B§! , Bl /o

where ¢ = 25 < m and C' is a positive constant depending only on m,n, A and A.

Remark. If x = 0 this is the reversed Holder inequality except for the fact that integra-
tion is made on different sets. We may rewrite the result as

1 o 1 a
— Du -l—Xm) SC’(— Du -l-xq)
(|B§, [ (Dux) 1, (Dl )

In Section 3 we will prove that Du € L _ for some p > m depending only on m,n, A
and A.

Proof. By taking r = R/2 and k = up in Lemma 1.1 we have

1
[ <o g [ luun il
BE Br

where C' is a positive constant depending only on m,n, A and A. We may apply the
Poincaré inequality to get the result.

§2. DeGiorgi’s Class

In this section we will prove the Harnack inequality for DeGiorgi’s class. We always
assume that €2 is a connected domain in R™ and that m > 1 is a constant.

Definition. For u € W™ (Q), define u € DGT(Q) if for any 0 < r < R and any
k € R with B C () there holds

1
[ -0 el o [ =k iBen (o 1
B, (R—71) Br
and v € DG~ (Q) if for any 0 < r < R and any k € R with B C Q there holds

[ 1p=p < {ﬁ/jg =07 4" B {u < 1)

where cq is a positive constant and y is a nonnegative constant.
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We further define the DeGiorgi class DG(2) = DGT(Q) N DG~ (Q).
We may define DeGiorgi class in an equivalent way. We set

A(k,r) ={z € By; u(z) > k}
D(k,r) ={z € B,; u(z) < k}.

Then v € DGT(Q) if for any 0 < r < R and any k € R with Br C Q there holds

1
Dul™ < {— / |u—k|M+xm|A<k,R>|}
/A(kz,r) (R=7)™ ) a(k,r)

and v € DG~ (Q) if for any 0 < r < R and any k € R with Br C Q there holds

1
D™ < {— / |u—k:\m+xm|D<k7R>|}
/D(k:,r) (R=7)™ Jp(k,R)

where ¢ is a positive constant.

Remark. For m > n Sobolev embedding implies the Hélder continuity of u for u € W™,
In this section we will concentrate on the case m < n. For m = n the proof may be
modified.

We first prove the local boundedness for functions in DeGiorgi class.

Theorem 2.1. Suppose u € DG () with Bg C Q. Then for any o € (0,1) and any
p > 0 there holds

put < —C_{ (] <u+>p)tXR}

Bon (1—0)» (\IBgr| /B,
where C' is a positive constant depending only on m,n,cy and p.

Proof. We normalize so that R = 1. We prove for p = m first. Forany 0 <r < R< 1
we set 7 = (R +r)/2 and take n € C§°(B;) with n = 1 in B, and |Dn| < 4(R —r)~ L.
Note r < 7 < R. Then with m* = mn/(n — m) we have by Holder inequality and
Sobolev inequality

[ =< [y

< ([ tw=mr ) agp
< e(m, ”){ /B [D(w — k)™ + /B |(u = k)+D77‘m}‘A(/€,F)|7E
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ie.,

m

/ (u— k)™ < c{/ \Dul™ + ;/ (u— k)m}]A(k,R)\n.
Ak,r) Ak, 7) (R=7)" Ja,r)

By definition of DG (§2) we obtain, with r replaced by 7, for any 0 < r < R < 1 and
any k>0

m 1 .
/A(k,r)<u_k) SC{(R—r)m /A(k,R)(U_k) +X |A(kaR)’}|A(k,R)’

As in the proof of Theorem 1.1 in Chapter 4 we may prove the result for p = m. General
case may be obtained by an interpolation argument. For details see Section 1 in Chapter
4.

m
n

Next result is the so-called weak Harnack inequality.

Theorem 2.2. Suppose u € DG~ () with u > 0 in Bgr C Q. Then there exists a
constant p = p(m,n,co) > 0 such that for any o,7 € (0,1) there holds

1 m
- D < inf
(g [ ) =c{pturnf

where C' is a positive constant depending only on m,n,co,o and T.
Now the Harnack inequality is an easy consequence of Theorem 2.1 and Theorem 2.2.

Corollary 2.3. Suppose u € DG(Q2) with u > 0 in Br C Q. Then for any o € (0,1)
there holds

sup u < C’{ infu —l—xR}
Bo-R Bo‘R

where C' is a positive constant depending only on m,n,cy and o.

In the rest of this section we will prove Theorem 2.2. First we need a simple lemma.
Recall the notation
D(k,r) ={z € By;u(z) < k}.

Lemma 2.4. Suppose u € WH(Bg) satisfies
{z € Br;u(x) > ko}| > €| B
for some € € (0,1) and some ko € R. Then for all k < h < ko there holds

(h— k)|D(k, R)|"%* < c(n, ) / Dyl
D(h,R)\D(kz,R)
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where ¢(n, ) is a positive constant depending only on n and €.

Proof. For any k < h < ko we set v = max(u,h) — max(u, k) in Bg. Then {v =0} =
{u > h} D {u > ko}. This implies |Br N {v = 0}| > €|Bgr|. By Sobolev-Poincaré
inequality we obtain

(/BR””nl) n Sc(n,s)/BR Dul.

Now we prove the following density result.

This finishes the proof.

Lemma 2.5. Suppose u € DG (B3) with u > 0 in Bs. Then for any € € (0,1) there
exist constants M > 1 and xo > 0, depending only on m,n,cy and €, such that if x < xo

and
[{z € Ba; u(x) > M}| > ¢|Bs]

then there holds

infu > 1.
B;

Proof. The proof consists of two steps.
Step I. For any ¢,6 € (0, 1) there exist constants yo > 0 and M > 2, depending only
on m,n,cy,0 and &, such that if y < xo and

{z € By; u(z) > M}| > €| By

then there holds
{x € By; u(x) > 2} > §|By].

In the definition of DG (Q2) we take r = 1 and R = 2. Hence for any k£ > 0 there holds
[ pur e xmhp( )] < Clh+ 0™
D(k,1)
Lemma 2.4 implies for any 0 < k < h < M

(h— B)|D(k, )] % < C(e) / Dyl
D(h,l)\D(k,l)
1

< C(s)(/D(h ! |Du|m) " ID(h, 1)\ D(k,1)|" "
< C(e)(h+x)|D(h,1)\ D(k,1)|*"=
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in particular

(h =KDk, 1)| < C(h+x)[D(h, 1)\ D(k, D|' "
Therefore we obtain for any 0 < k < h < M

[D(k, 1)|7*

<Z+:) [D(h )\ Dk, 1))

We may assume that M = 2V for some positive integer N to be determined. Choose
the iteration as

M M
h=———,k=— for{=1,2--- N—1.
2¢—1 ¢
This implies for £ =1,2,--- ,N — 1,
M L2 M M
M M
< C(2+ ) D (e, D\ Dy Dl

Note D(27,1) € D(5M+,1). We add ¢ from 1 to N — 1 and get

M m _m m
(N — 1)|D(2N o, 1)1 < C2+x)=T|D(M,2)] < Ce)(1 —¢)(2+ x) ™1
Therefore we obtain .
C(e)(2+ x)mT
< .
D2, 1)) < LTy

We may choose N large such that

C(e)(2 4 x0) ™1 1
N -1 - ’

Spet II. There exist constants g € (1/2,1) and xo > 0, depending only on m,n and
o, such that if y < yo and

{z € By; u(x) = 2}| = do|Bi|

then there holds

infu>1.
B

First we have, by assumption, for any R € [1, 2]

0
{z € Br; u(r) =2 2} = 2—2|BR| > | Br|-

2n+1
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By definition of DG~ (2) there holds for any 1 <r < R<2and 1 <k <h<2

1 h+x
Du|™ < ¢ —hm+xm}DhR <C’< ) D(h, R)|.
L 120 < eod DB < (XY D m)
Lemma 2.4 implies

(h — k)|D(k, 7‘)| < C/ | Du|
D(h,r)\D(k,r)

<c( [ o) i
D(h,r)

C
R—

Hence we obtain

(h— KDk, )% <

—(h+x)|D(h, R)

or C h+
1—1 nTXx
DI s g 5y,

With v = (n —1)7! we obtain forany 1 <r < R<2and 1<k <h<2

C h+x\'
|D(k,r)| < (R— ) (h— k) |D(h, R)|*™7.

. [D(h, R)|.

As in Chapter 4 we set for / =0,1,2,---,

1 1
—1—|—? and kg—l—l-?
Then we may prove by induction that
1
(1) |D(l€g,7"g>| < 7|D(k07TO)‘ for any €:071727"' )
a

for some constant a > 1, depending only on n, provided |D(ko,70)| = |D(2,2)| is small,
specifically,
C(2+4 x0)' | D(2,2)]" < 1.

Hence we may choose dy > 0 close to 1 such that
C(2+ x0)'T7(1—8)" < 1.
Letting ¢ — oo in (1) we conclude that |[D(1,1)| =0 or u > 1 in Bj.

In the following we use cubes instead of balls. We rewrite Lemma 2.5 in the following
form for convenience.
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Corollary 2.6. Suppose u € DG~ (Bs ;) with w > 0 in By 5. Then there exist
constants xo > 0, € € (0,1) and M > 1, depending only on m,n and ¢y, such that if
X < xo and infg, u < 1 there holds

{z € Q1; u(z) < M}|>e.
Proof. Note Q3 C Bs,/m/2 C Bs,/m» and the following implication for any u € (0,1)

) B
Hr € Qi u> M} > p|lQq] = @|B3\/ﬁ|
L

B > M} >——|B .
:>H$E 3yms U Z }‘ = c(n)’ 3\/ﬁ|

We apply Lemma 2.5 to u in Bj s by contradiction argument.

Now we proceed exactly as in Section 2 in Chapter 5 and we get the power decay of
the distribution function.

Lemma 2.7. Suppose u € DG~ (By, ;) with u > 0 in By 5. Then there exist positive
constants v and C, depending only on m,n and cy, such that

H{x € Q1; u(z) >t} < C’tiﬁy(glfu—kx)7 for any t > 0.
1
2

Proof. We will prove that there exist positive constants xo,~ and C', depending only on
m,n and co, such that if x < xo and infg, , u <1 there holds

H{x € Q1; u(z) >t} < Ct™7 for any t > 0.
We omit the proof. For details see Section 2 in Chapter 5.

Corollary 2.8. Supposeu € DG*(B3\/5) withw > 0 in Bs, . Then there exist positive
constants p and C, depending only on m,n and cqy, such that

P)" <l infu+y b
(f,) = e{rend

Proof. Set A(t) = {x € Q1; u(x) >t} for any ¢t > 0. Then we have by Lemma 2.7 for
any £ >0

/“p:p/g tPTHA(t)|dt + €PA(€))

0o i
< C’{p/ Pl + 5?‘7} (glfu - x)
5 1

.
— P | 5
c¢ (gllfu + X)

2
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if we choose p < . Next we may choose

= infu + .
éQ% X

This finishes the proof.

63. Reversed Holder Inequality

In this section we will prove that a function u is LP-integrable for some p > ¢ if the
Li-average over cubes do not exceed the L!-average over suitable cubes. Recall Q,.(z0)
denotes the cube centered at xo with side length 7.

Theorem 3.1. Suppose u € L1(Q), for some cube Q C R™ and some q > 1, satisfies

1
(][ u? ) < Co][ u  for any Qzr(z0) C Q
Qr (o) Q2 (z0)

for some co > 1. Then u € LY (Q) for some p = p(q,n,co) > q and there holds

loc

(][ u” ) gc(][ ul ) for any Qar(xs) C Q
Qr(zo) Q2 (o)

where C' is a positive constant depending only on n,q,co and dist(Q2(xo), 0Q).
Proof. We normalize so that fgu? = 1. We assume the cube @ is given by

3
Q={zeR" |z <

S oi=1..--
277/ ) 7”}7

and set

1
Co={r€Q; |$z’|<§; i=1,---,n}
Cr={x€Q; 27% < dist(z,0Q) <27%1}, fork=1,2, .

Obviously we have

Now define .
ulx) = u(x) for any x € C

Q|3
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and
A(t) = {zx € Q; u(x) > t}.

As the first step we prove for any t > 1

(1) / ad gth—l/ i
A) A()

where C' is a constant depending only on n, ¢ and cg.
Fix t > 1 and consider s > t to be determined. We have

~ ~ ~ ~ 5\971 —1 ~
(2) / ul = / uf +/ a? < / a? + (—) t9 / a.
At) A(s) A\ A(s) A(s) t At)

Hence we need to estimate [ A(s) U7 in terms of I4 (17 @ and to choose s proportionally to
t.

We begin with a modified Calderon-Zygmund decomposition. We make the first
subdivision of @ into 3" unit cubes. Then decompose each unit cube into dyadic cubes.
Pick any dyadic cube P! such that (i) P! has length 27 and (ii) P} C C). Note that
there are 3"2"* such cubes in Q and that for each such P! we have

(3) p,z C Cr1 UCKUCCryq

where ]515 denotes the cube with the same center as P,f; and the size as twice as that of
P!. For s >t > 1 above we have fou? < s? by the normalization. This implies for

][pkﬂq < s,

We may apply the Calderon-Zygmund decomposition in each P, to u? and s?. Hence

each P} above

there exists a sequence of dyadic cubes {Qi:} such that for any k,7 =0,1,---,
Qi C Cy
s < ][Qiﬁq < 2Msf
u<s a.e inCg\ UjQ{:.

This implies
|A(s) \ Ug,; Q1| =0
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and in particular

(4) / ﬂ"éZ/ﬂqgnqu!Qi\:sqr@i!-
A(s) QL "

k.j

By assumption, definition of @ and (3) we have

. 1
s < ][Qiuq - ank3n ][Qiuq

cg q . \?
< e far) =2 fart)-
Therefore we obtain

~ 24 c 24 c ~
Q= [ acZel [ aradlly.
5 Ja 5 Q1.NA()

k

Now choose s such that 27/ Icot = c4s for some ¢, < 1. This implies that

~ Cx 1 5
e
¢t JGinaw

By Vitali covering lemma there exists a subsequence {ch/} of {ch} such that

(1) {Q{C/} has no intersections;

(ii) | Uny Q)] < e(n) S, 107 .

Therefore we get

~ ~ Cy 1 ~
Uy Gl < en) 310 et 3 [
- 1 Cy t = JQINA()
k.5’ kgt = <k

/ i
A(t)
Cy s

/ u? < ¢(n) - —
A(s) L—eo t Jaw

<c(n)

&+ | =

]__C*

With (4) we obtain

giz

This implies with (2)

[l () () e [
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which gives (1).
To continue we set

h(t) :/ @ for any t > 1.
A(t)

It is easy to check that for any r > 1

/ " = —/ s""1dh(s) for any t > 1.
A(t) ¢

We may apply Lemma 3.2 in the following, with ¢ replaced by ¢ — 1, to conclude that

for some p > q
/ @ < C, / T
A(1) A(1)

where C, is a positive constant depending only on p,q and C' in (1). Hence we have

[w<e [
Q Q

With the normalization assumption this finishes the proof.
We need the following result for Stiltjes integral.

Lemma 3.2. Suppose h is a nonnegative and nonincreasing function in [1,00) and that
h satisfies for some constants q,c > 1

(1) tlir(r)lo h(t) =0
and
(2) — /OO s?dh(s) < ctih(t) for anyt > 1.

Then there holds for any p € [q,cq/(c — 1))

- /100 sPdh(s) < m ( - /100 sqdh(s)).

Proof. First assume that there exists a k > 1 such that h(t) = 0 for any ¢ > k. We set

I(r) = — /1 S dh(s) = — /1 C o dhs).
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For any p > 0 we obtain by integrating by parts

I(p) =1(q) + (p—q)J

where by the assumption (2)

J = /ftpql ( - /tk Sqdh(8)> dt < c/lk tPIh(t)dt < —ll(q) + ]E)I(p).

p

Hence we have

(p —clp— q))l(p) < ql(q).
For the general case the assumption (1) implies for any k& > 1
kih(k) < —/ stdh(s).
k

For each k£ > 1 we set
h(t) forte[l,k)

0 for ¢ € [k, 00).

hio(t) = {

Then hy, satisfies the assumptions of Lemma 3.2. By what we just proved we obtain

—/f sPdh(s) < —/f sPdhi(s) < M(— /f sqdhk(s)>

<aimmal e)

We may let £ — oo to get the result.
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